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PREFACE. 



The prominence which the modem geometrical methods 
have recently acquired in the studies of the University of 
Cambridge, appears to justify the publication of a treatise 
devoted exclusively to these branches of Mathematics. 
This remark applies more especially to the method of 
Trilinear Co-ordinates, which forms the subject of the 
greater part of the following work. My object in writing 
on this subject has mainly been to place it on a basis 
altogether independent of the ordinary Cartesian system, 
instead of regarding it as only a special form of Abridged 
Notation. 

A desire not unduly to increase the size of the book 
has prevented me from proceeding beyond Curves of the 
Second Degree. 

I have introduced a short Chapter on Determinants. 
The great utility of these expressions in investigations 
connected with curves of the second degree will, I hope, 



i 



^ vi PREFACE. 

"v %e a sufficient excuse for the employment of a notation 
which has hitherto been hardly admitted into Cambridge 
text-books. I have, however, confined myself rigorously to 
the demonstration of such elementary properties as are 
required in the course of this work. I should be glad if 
the very slight sketch contained in Chapter III. should be 
the means of inducing any of my readers to refer to the 
original memoirs on this and kindred subjects. 

In this Second Edition several new articles have been 
added, especially in the latter part of the work, and the 
chapter on Reciprocal Polars considerably enlarged. 



N. M. F. 



GONVILLE AND CaIUS CoLLBGB, 

AugibSt, 1866. 
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TRILINEAR CO-ORDINATES. 
CHAPTER L 

TRILINEAR CO-ORDINATES. EQUATION OF A STRAIGHT LINE. 

1. In the system of co-ordinates ordinarily used, the 
position of a point in a plane is determined by means of its 
distances from two given straight lines. In the system of 
which we are about to treat, the position of a point in a 
plane will be determined by the ratios of its distances from 
three given straight lines in that plane, these straight lines 
not passing through the same point. The triangle formed 
by these three straight lines is called the triangle of reference, 
its sides, lines of reference, and the distances of a point from 
its three sides will be called the trilinear co-ordinates of that 
point. We shall usually denote the angular points of the 
triangle of reference by the letters -4, 5, Gy the lengths of the 
sides resbectively opposite to them by a, J, c, and the dis- 
tances of any point from BG, GA^ AB respectively by the 
letters a, y8, 7. 

When two points lie on opposite sides of a line of re- 
ference, the distance of one of these points from that line may 
be considered as positive, and that of the other as negative. 
We shall consider a, the distance of a point from the line -B(7, 
as positive if the point lie on the same side of that line as the 
point A does, negative if on the other side ; and similarly for 
y8 and 7. It thus appears that the trilinear co-ordinates of 
any point within the triangle of reference are all positive ; 
while no point has all its co-ordinates negative. 

2. Between the trilinear co-ordinates of any point an . 
important relation exists, which we proceed to investigate. 

If ^ denote the area of the triangle of reference^ a, /8, 7, 
the trilinear co-ordinates of any pointy then 

Let P be the given point, and first suppose it to lie within 
F. 1 



TRILINEAE CO-ORDINATES. 



the triangle of reference (fig. 1). Join PA^ PB, P(7, and 
draw PD perpendicular to BG. Then PB = a, and aa = twice 
the area of the triangle PBG. 

Fig. I. 




Similarly 5/8 = twice the area of PCA^ 
ey = twice the area of PAB. 
Adding these equations, we get 

aa+5)3 + oy=2A. 
Next, suppose Pto lie hetween AB, A G produced, and on 
the side of BG remote from A (fig* 2). Then a will be 

Fig. «. 
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negative, wliDe /8, 7 are positive. Hence, twice the area PBG 
will be represented bj — aa, and we shall therefore have as 
before 

aa+J)8 + e7=s:2A. 

Thirdly, let P lie between -4-B, -4(7, produced baciwArds 
(fig. 3), so that /3, 7 are negative while a ia positiTe. Twice 




the areas of PBG, PGA^ PAB^ are now represented by 
aa, — &/8, — oy respectively, so that we still have 

aa+Ji8 + c7=»2A. 

In all cases, therefore, 

aa + i/8 + c7^2A. 

The importance of the above proposition arises from its 
enabling us to express any equation in a form homogeneous 
with respect to the trilinear co-ordinates of any point to 
which it relates. Any locus may be represented, as in the 
ordinary system, by means of a relation between two co- 
ordinates, /8 and 7 for example, and this may be made homo- 
geneous in a, /8, 7 by multiplying each term by ^ — x^ — — , 

1—2 
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raised to a suitable power. Thus, the e5[uation l^+ hy+ £"= 
is equivalent to the homogeneous equation 

The following examples may familiarize the reader with 
this system of co-ordinates. 

1. Prove that the co-ordinates of the middle point of the 

A A 

line BG are 0, -^ , — . 

2. The co-ordinates of the centre of the circumscribed circle 
are B cos A, R cos B, E cos C, where 

2A 



R = 



a cos J. + 6 cos jB + c cos C ' 



3. The co-ordinates of the centre of the inscribed circle are 
each equal to r — . 

What are the co-ordinates of the centres of the escribed 
circles ? 

4. The co-ordinates of the centre of gravity are 

2A 2A 2A 
3^ V36 ' 3c • 

5. Prove that a sin -4 + )8 sin 5 + y sin (7 is equal to -^ ; 
where R is the radius of the circumscribing circle. 

3. To find the distance between two given points^ in terms 
of their trilinear co-ordinates. 

Let a^, )9i, 7^ ; aj, )3g, 73, be the co-ordinates of two givea 
points, r the distance between them. 

Then, 7^ will be a rational integral function of OL^ — OL^y 
^1 ■" ^i' 7i ■"72> ^f *^® second degree*. 

* This, if not Belfrevident, may be proved as follows : 

Let P, Q be the two given points. Join PQ, and draw PM, QM' perpen- 
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AgaiDj since 

a%^ + h^^ + C7i = 2A, 

... a(a,-a,)+6(^,-^J+c(7,-7j = 0; 

c h 

••• K-0'^ -(7i-78)(ai-oO--(«i-a»)(/3,-^J. 

Similar expressions may be found for {fi^ — ^a)', (7^ — 7^)'. 
Hence, r* will be of the form 

dicular to AB, PN, QJP^ to AC. Draw Qm perpendicular to PM^ Qn to PN, 
and join mn. Then 

Bin mPn 

__ mn 
""sin J. ' 

and P»=ft-/3s, Pni=7i-7a; 

Fig. 4. 




.-. 0»«^= (/9i - /3^« + (7i - 7»)'+ 205i.- ft) (7i - 75,) cob A, 
(/3i-ft)'+(7i-7«)'+203i-ft) (71-72) 008^ 



whence r's 



sin' J. 



a rational inte^pral function of the second degree. 
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where Z, »i, n axe certain functions of a, J, c, which we pro- 
ceed to determine. 

Since the values of ?, m, n are independent of the positions 
of the points, the distance of which we wish to find, sup- 
pose these points to be jB and G. Then 

<»i = ^» A = -j-»7i-0, 

2A 
«,=-0, ft = 0, 7, = ^; 
c 

also r = a. Hence 

, .2A 2 A 



.: l=- 



Similarlf « = _ 



b • e 

ab'c 
4A'' 



Hence j'^-^^la (^^-/S.) (7,-7.) +S(7i-7j K-a,) 

+ «(«.-«.) (^1-/3.)}. 
This is one form of the expression for r*. It may also 
be proved in a similar manner that 

r» = |^,{acos^(flt,-aJ« + 5co85()8,-)8,)« 

-he cos 0(7^-78)'}. 

4. We next proceed to investigate the equation of a 
straight Kne ; and first, we shall consider the cases of certain 
straight lines bearing important relations to the triangle of 
reference. 

To find the equation of the straight line drawn through 
one of the angular points of the triangle of referericey so as 
to bisect the opposite side. 

Let D be the middle point of the side J? (7, we have then 
to investigate the equation of the straight line AD. 
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In AD take any point P, and let a, i8, 7 be itd co-ordi- 




nates. From 2>, P draw DE, PG perpendicular to -4(7, DF 
PH perpendicular to AB. Then by similar triangles 

pa : DE :: PS" i DF. 

But * DE.AG^DF.AB, 

for each is equal to the area of the triangle ABGk 

Hence PG.AC^PH.AB, 

or hfi:ocy. . 

This is a relation between the co-ordinates of any point 
on the line -4Z>, it therefore is the equation of that line. 

Cob. It hence may be proved that the three straight lines, 
drawn through the angular points of a triangle to bisect the 
oj)posite sides, intersect in a point. For these straight lines 
will be represented by the equations 

07s»aa] 

and, therefore, all pass through the point for which 
aoL = 5/8-= cy. 
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In the next three propositions the reader will easily be 
ahle to draw a figure for himself, by comparison with fig. 5. 

5. To find the equation of the straight line drawn through 
one of the angular points of the triangle of reference, perpen- 
dicular to the opposite side. 

Making a construction similar to that in the last proposi- 
tion, it will be seen that we have here 

--Tr, = sin DAE = cos (7, 
AD ' 

-7-=r = sin DAF=coB Bi 
AD ' 

DE DF 



Hence 



cos G cosB' 

pa PR 



cos G cos -6 ' 

.:. PG cos B^PH cos G, 

or /8cosJ?=7C08 CL 

This will be the equation of the straight line, drawn 
through Ay at right angles to BG. . 

CoR. It may hence be shewn that the three straight 
lines drawn through the angular points of a triangle, perpen- 
dicular to the opposite sides, intersect in the point determmed 
by the equations 

acos-4 = y8cosJ?=7COS G. 

6. To find the equations of the internal and external 
bisectors of an angle of the triangle of reference. 

For the internal bisector of the angle -4, we shall have, 
making the same construction as before, 

pa^PH. 

The straight line will be therefore represented by the 
equation /8 = 7. 
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For the external bisector we proceed as follows. Let Q 
"be any point on the line, a, )8, 7 its co-ordinates. Draw QK 
perpendicular to -4(7, QL to AB. Then, as before, we have 

QK^QL. 

It will however be observed, that if Q and B He on the 
same side oi AG, Q and G will lie on opposite sides of -4JB, 
and vice versd. Hence, if 

"We have therefore 

/8 + 7 = 

as the equation of the line A Qy which externally bisects the 
angle A. 

From the form of these equations we see, (1), That the 
three internal bisectors of the angles of a triangle intersect 
in a point ; (2), That the internal bisector of any one angle, 
and the external bisectors of the other two, also intersect in 
a point. 

These points may be shewn to be respectively the centres 
of the inscribed and escribed circles. 

"We shall hereafter prove that the points, in which the 
external bisectors of each angle respectively intersect the sides 
opposite to them, lie in the same straight line ; and also that 
the points in which the external bisector of any one angle, 
and the internal bisectors of the other two angles, intersect 
the sides respectively opposite to them, lie in the same 
straight line. 

7. We now proceed to investigate the general equation 
of a straight liile. 

Every straight line may he represented hy an equation of 
the first degree. 

Let Q be any point on the straight line -4(7, B on AB, 
and P any point on the straight line QB, then we have to 
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investigate the relation between the co-ordinates (a, )8, 7) of 
the point P. 

Kg. 6. 




The property of the straight line, which we shall make 
the basis of oar investigation, is, that it is the locus of a point 
which moves in such a manner, that the Bum of the areas of 
the triangles FAQ, FAB is constant. 

Let AQ^q, AIi = r, then the areas of the triangles 
FAQ, FAB will be respectively represented hj ^j/S, ^ry, 

and the area of QAB by |- A. 

Hence j)3 + r7 = ~- A 

This is the equation of the straight line QB, and, since it 
involves the two arbitrary quantities q, r, it is in the most 
general form of the equation of the first degree between two 
variables. Putting . 

be ^ c ^ * 

the equation may be written 

h + m^+ny^O. 
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8. We shall next establish the converse proposition, that 
every equation of the first degree represents a slrcdght line* 

Fig. 7. 




Let 



h. H- mp + n7 = 



be the general equation of the first degree, and let /, g, h 
be the co-ordinates of any fixed point I) on the locus of the 
equation, a, ^, 7 those of any point P. 

Draw BE, PM perpendicular to AG, DF, PN perpendi- 
cular to AB. Also draw Bm, Bn, perpendicular respectively 
to PJf, PN. 

ThenPm = /3-5r,. JFVi = 7-A. 

Also, since /, g,hiasi point on the locus, 

1/+ mg + nh = 0, 

whence Z(a-/)+m(^ — ,9) +71(7 — A) =0, 

Again, (za+hfi+oy = 2 A, 

af'hhg + ch = 2^; 

.'. a(a-/) + J(/3-^)+c(7-A) = 0; 



hn- 



cm 



cl — an am — M * 
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Hence, the ratio of Pm to Pn is constant, whatever point 
the locus P mskj repress ' 

that locus is a straight tine. 



on the locus P may represent. This can only be true when 
" ' lii 



9. To find the co-ordinates of the point of intersection of 
two given straight lines. 

Let the equations of the two straight lines be 

la + mfi 4- ny = 0, 

Z'a4-m')8+w'7=0. 
Where these intersect, we have 

« ^ ^ _ 7 
mn — mn nV — nl I'm! — I'm ' 

These equations, combined with 

aa + J)8 + C7=:2A 

give the values of a, ^, 7, at the point of intersection. 

10. To find the equation of the straight linCy passing 
through two given points, 

^^ fgi^\ f\ /» ^y ^^ ^^ co-ordinates of the two given 
points, and suppose the equation of the required straight line 
to be 

We must then have 

Lf-\-MgJrNh=^0, 

Lf + Mg'+Nh'=0; 
whence 

L M N 



gh-^g'h hf-^hffg^fY 
giving, as the equation of the required line, 

isK-g'-h) a+ ihf-h'f)^ + {fg'-fg) y= 0. 
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11. To find the general eqtmtton of a straight Ime, pass- 
ing through the point of intersection of two given straight tines. 

If the equations of the straight lines be 
loL + m^ + 717 = 0, 

every straight line, passing through their ppint of intersection, 
may be represented by an equation of the form 

h + mfi + ny = k {I'a + nifi + n'7), 

where i is an arbitrary constant. For this equation is satis- 
fied when the eq[uations of the given straight lines are both 
satisfied, and, being of the first degree, it represents a straight 
line. It is therefore the equation of a straight line passing 
through their point of intersection. 

12. To find the condition that three points may lie in the 
same straight line. 

Let a^, ^1, 7i; ©a' /^a' %; as.' ^s^ys^ ^ t^? co-ordinates 
of the three given points, then, if these points lie in the same 
straight line, suppose the equation of that line to be 

\a + fifi + vy = 0. 

Then X, /*, v must satisfy the following equations : 
Xa, + /*/3, + i;7, = 0, 

H + /*/33 + i^3 = 0, 
whence, eliminating X, /*, i/, by cross multiplication, 

the required condition. 
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13. To find the condition that three straight lines may 
intersect in a point. 

Let the equations of the straight lines be ' 

l^a + mfi + n{i = 0, 

Ijx + m^A- nii = 0, 

If these three straight Knes intersect in a point, the ahove 
three equations must be satisfied by the same values of 
a, )8, 7. This gives, eliminating a, ^, 7 by cross-multipli- 
cation^ 

the required condition. 

The identity of form between the conditions that three straight 
lines should intersect in a point, and that "three points should lie 
in a straight line, is worthy of notice. Its fiill geometrical mean- 
ing will be seen hereafter. 

We shall sometimes, in future investigations, speak of the 
straight line represented by the equation la, + mP + w-y = 0^ as the 
straight line {I, m, n). Adopting this phraseology, it will be seeaa. 
that the condition that the three points (Ij, m^ nj (1^, m^ n^) 
(I3, mg, Ug) should lie in the same straight lins, is the same as the 
condition that the three straight lines (1^, m^, n^) (1^, m^, nj 
(Ij, ffig, Ug) shovld intersect in a point, 

14. To find the condition that two straight lines may he 
parallel to one another. 

Let the equations of the two straight lines be 

la + m^ + ny^ (1), 

ra + w'/3 + n'7 = (2). 

Let {f,g, h) (a, fi, 7) be the co-ordinates of any two points 
in (1), 

(/'j 99 *') (*'> fi'} 70 t® *te co-ordinates of any two points 
in (2). 
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Then the condition of parallelism requires that 

Also, recurring to the investigation of Art. (8), fig. 7, 

in — cm cl — an am — bV 

In — crn cl ' — a«' o/ni—hV * 

^ Hence, the required condition of parallelism is 

Tm — cm __ cl—an __ am — hi , » 

hti — cfffi '^ cV — an^ oml — bl'"*^^ **^ 

These two equations are equivalent to one only, sinicethey 
may be written in the form 




where it will be seen that the equality of any two members 
implies that the third is equal to either of them. 

Multiplying the numerators and denominators: of the 
several members of (3) by l\ m\ ti and adding, we obtain 
the condition under the form 

{mti-rrin) a^{,nV-ril) h + {Im'^ Vm) c = (4). 

This is the necessary condition of parallelism, and is 
generally the most convenient form* which can be employed. 
It is equivalent to 

[mn - m'n) sin A + {nV - w7) sin B + {Im' - Vm) sin (7=0, 

a form which we shall occasionally use. 

I^ will be observed that this condition is the same in 
form as that which residts from the elimination of a, A 7 be- 
tween the equations 
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Za + w/3 + n7 = 0, 

aa + &/3 + C7 = 0. 

The last of these is, as we know, an equation which 
cannot be satisfied by any values of a, j3, 7, since, as we have 
already proved (Art. 2), aa + i)8 + 07 = 2 A. Hence the equa- 
tion (4) may be looked upon as an expression of the fact that 
the two equations 

la + mfi + n7 = 0, , 

Z'a + w')8 + w 7 = 0, 

cannot b6' sinltiltaneously satisfied by any values of a, y8, 7, 
or, in other words, that the two straight lines represented by 
them do not intersect, which is known to be a necessary con- 
dition of their parallelism, and also a sufiicient condition, since 
the two straight lines are in the same plane. 

Although, however, no values of a, /3, 7 exist which will 
satisfy the equatioii aoL + h^ + cy^O, yet we can always satisfy 
the equation la + m^'hivy = 0, where the ratios I : m : n ap- 
proacn as nearly as we please to the ratios a : b : c. 

By referring to the investigation of Art. (7) it will be 
seen that, q, r, denoting the distances from A, of the points 
in which the straight line (I, m, n) cuts J[ (7, J[^ respectively, 

gra , or or 

whence 



or 



It hence appears, that by making the ratios I : m : n suf- 
ficiently nearly equal to the ratios a : b : c, the values of q 
and r may be made as great as we please, in other words, 
that the straight line {I, wi, n) may be removed as far as we 
please from the triangle of reference. The limiting position^ 



b 

a 


be _m c be _n 
ar I ^ a aq / ' 


c 
r 


am b an 
~ ^ br q"^ cV 
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therefore, to which the straight line (I, m, n) continually op- 
jyroaches, and with which it ultimately coincides^ when the 
ratios 1 : m : n continually approach to, and ultimately co^ 
tncide with, the ratios a : o : c^ is a straight line altogether 
at an infinite distance. 

This is often expressed by saying that the equation 

or the equivalent equation 

a sin A +)8 sin J5+ 7 sin (7 =s 0, 

represents the straight line a4 infinity. 

This phraseology is very convenient, and free from objec- 
tion, if the conventions on which it is adopted be clearly un- 
derstood. It is, however, desirable that attention should be 
called to the fact, that the equation 

aa + &)S + C7 = 

is, in itself, impossible, — in fact, a contradiction in terms, — 
and can only be admitted as a limiting form to which possi- 
ble equations may continually tend. 

15. To find the equation of a straight line^ drawn through 
a given point, parallel to a given straight line. 

. Let (Z, m, n) be the given straight line, (/ g, h) the given 
point, then the equation of the required straight line will be 

Id + m^ + ^7 _ aa + hfi+cy 
lf+ mg + nh'' af+ bg +ch' 

For this straight line passes through the point (/, g, A), and 
does not intersect the straight line (Z, w, n) ; since, if it did, 
we should have aa, + b^ + C7 = 0. 

Since af+ bg + ch=: 2 A, this equation may also be written 
F. 2 
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Cor. The general equation of a straight line parallel to 
(7, wi, n) ia 

' la + mp -+• ny = i (aa + J)8 + 07), 

where i is an arbitrary constant. 

16. To find the inclinations of a straight line, draum 
throitgh one of the angular points of the triangle of reference, 
to the sides which intersect in that point. 

Let the equation of the straight line AP be 

Fig. 8. 




and let be its inclination to AD, the internal bisector of the 
angle A. 



Then 



whence 



sin 



sinf4 + ^) 

^ A^fi + v' 
tan- 
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A 






fi + v 2 

^ fiBinA 
p + fi cos A ' 

Similarly. tan (^ - ^) = - ^^^^^ . 

Hence, the inclinations of the jgiven straight line to -4J9, AC, 
are determined. 

17. Tojind the condition that two given straight lines may 
be perpendicular to one another^ 

Let (Z, m, w), {l\ m\ n') be the two given straight lines. 
Through A draw two straight lines parallel to them. These 
will be represented by the equations 

(ma — lb) )8 + (wa — Zc) 7 = 0, 

(m a-rj)/3 + (n a-Z'c) 7 = 0. 

And these straight lines must be at right angles to one an- 
other. 

If 0, ff be the respective inclinations of these straight lines 
to the internal bisector of the angle A, then, by the result of 
the last article, 

tan d= ;-, f-— ) ^ tan -- , 

, ^ {rc''n'a)--(m'a--rb), A 

tan ^ = JJ-, / ; , ; ; tttt tan — . 

\lc--na)-jr (rna — lb) 2 

And, if these be at right angles to one another, 

l+tandten^ = 0. 

Hence 

(fc - na) {I'c - n'a) + (ma - lb) (m'a - I'b) 

+ {(?c - wa) (w a - Vb) + {ma-lb) {Vc - w'a)} cos ^ = ; 

2-2 
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.'. W {b' + <f-2hc COS A) 4 mmV+ nn'a^ 

- {mn' + m'n) a' cos A - {nV + n'l) {ac — ab cos A) 

— {Im! + Tm) {db - ac cos .4) = 0, 

which, since J'+ c*- 2iccos^ =a*, c- Jcos.4=:acoB5, 
i — c cos ^ s= a cos (7, reduces tp 

?7+wm'4^n-(mn'+w'n)cos^-(wZ'+w'?)cos5-(W+rm)cos(7=0, 
the required condition. 

18. To find the perpendicular distance jrom a given paint 
fo a given straight line. 

Let (/, g, h) be the given point, (?, w, n) the given straight 
lin^y. Then, if a and r be the distance from -4, of the points 
where this straight line meets AC, AB^ respectivelv, we have 
shewn (Art. 7) that 

1_ 1 na 

1_^ 1 ma 
^ r^ c Idc' 

Now, let a' denote the distance from (/, g, h) to (?, m, n). 
Then 

iq^ + r^--2qr COB Ay a! +qg+rh^^{af+bg + ck), 
\^ 7^ qr J be r q 



a.. 



And from the values of q and r 

1 cosud 1 cos^ , ^, a 

r~ = I "■ ' (n — m cos A) -j^ 

q r o c ^ ^ Ibc 

_ a (ZcosP+mcos^ — w) 
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Sundarly --— ^ ^ ; 

1.1 2C0S^ f « /7 \,7 n. A \ 

/. ^ + ^ —- = |^5^(fc-na)(ZcosJ5+w2Cos^-w) 

+ (K — ma) {I cos (7+ n cos -4 — m)[ 

= TaYTs {P (<5 COS 5 + J COS (7 ) + wV + w'a — 2mw a cos J. 

— nZ(c + a cos J9-- J cos -4) --?w(J — ccos-4 + acos C)}, 
which, by reduction, is equal to 

2 

pTT^ (P + m'H- w' — 2»in cos ^ — 2nZcos B- 2lm cos 0). 

Hence 

lf+ mg + n/t 



a' = ± 



(Z* + m' + w*-2m7icosu4-2»ZcosjB-27«icos (7)*' 

the required expression. 

It will be observed, that the numerator of this expression 
vanishes if the point (/, g^ h) lie upon the line (I, m, n), as 
manifestly ought to be. the case. 

It will also be remarked, that the more nearly the ratios 
I: m :n approach to the ratios a :i : c, the less does the 
denominator of the above fraction become, and the greater, 
therefore, the distance from the point to the line ; which is 
in accordance with the remark made in Art (14). 



Examples. 

1. Find the equation of the straight line joining the middle 
points of two sides of the triangle of reference ; and thence prove 
that it is parallel to the third side. 
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2. Find the equations of tbe atraiglit lines, drawn tbrongli tBe 
several angular points of the triangle of reference, respectively at 
right allies to 

1 + 1 = 0, ^ + « = 0, «+? = 0; 
c a a 

and thence prove that they intersect in a point. 

3. If ^ be the angle between the two straight lines (lyfn, n) 
{K Ih ^)j pi^^e that 

^_ ^X4-ffl,fH-7iy~(my+nft)cos^— (7tX+Zy)co8^--(Zft + mX)co8(7 
"" (wv — w/i)sinil + (»X— Zv)sinjff + (^fi — mX)8in(7 

4. On the sides of the triangle ABC^ as bases, are constructed 
three triangles A'BG, ABO^ ABC^ simUar to each other, and so 
placed that the angle BA'G = FAC = BAff, CBA = CBA = GBA\ 
AC'B = A'CB ^ACB. Prove that the straight lines AA\ BB, GC 
intersect in one point. 

d. Prove that the straight line, joining the centre of the 
circle inscribed in the triangle ABG, with the middle point of the 
side BG, is parallel to the straight line joining A with the point of 
contact of the circle touching ^(7 extemallj and AS, ^(/produced. 

6. On the sides BGy GA, AB of the triangle ABG, respectively, 
pairs of points are taken, B , G^; G , A^; A^^j B^; such that the 
points of intersection of BC with BJJ^ of GA with G^A^, and of 
AB with A^B lie in a straight line ; BG^y GB^ intersect in L ; 
GA^, AG^mM; AB^, BA^ in iT. Prove that AL, BM, GN inter- 
sect in one point 

7. From the vertices of a triangle ABG^ three straight lines 
APy BQ, GR are drawn to pass through one point, and three 
straight lines AP^^ BQ\ GB! to pass through another point, the 
points P, F lying on BG, Q, Q on GA, R, R on AB ', BQ, GR 
meet AF in .Z)^, />, ; GR, AF meet BQ' in B^,£!^; AF, BQ meet 
GR in F , F^ ; GD^, BD interaect in L ; AE^, GE^ in M , BF^, 
AF^ in Is. Prove that AL^ BM^ GN intersect in a point. 
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Anharmonic Eatio. 

19. We stall introduce, in this place, a short account of 
harmonic and anharmonic section, as a familiarity with this 
conception is useful in the higher geometrical investiga- 
tions. 

. 

Def. 1. If OP, OQ, OB, 08 be four straight lines in- 
tersecting in a point, the ratio 

sinPOQ.smliOS 
sin F08. Bin QOM 

is called the anharmonic ratio of the pencil OP, OQ, OR, 
08, and is expressed by the notation {0 . PQB8]^* 

Dep. 2. If P, Q, Bj 8 be four points in a straight line, 
PO HR 
the ratio pq' ^§ is called the anharmonic ratio of the range 

P, Q, B, 8, and may be expressed thus [PQB8]. 

In using these definitioQS, attention must be paid to the order 
in which the lines or points follow one another. Thus, the an- 
harmonic ratio of the pencil OP, OR, OQ, OS, is different from 
that of the pencil OP, OQ, OR, OS, the former heing equal to 
^luPOR.^nQOS ,. y ,, Bin POQ . sin ROS 

smPOS.amQOR' ^^^ ^^^"^ ^ sin POS .sin QOR' 

Def. 3. If any number of straight lines, intersecting in 
a point, be cut by another straight line, the straight line 
which cuts the other is called a transversaL 

20. Prop. If four given straight lines, intersecting in a 
point O, he cut by a transversal in the points P, Q, R, S, the 
anharmonic ratio of the pencil OP, OQ, OK, OS, will be equal 
to that of the range P, Q, R, S. 

* This notation is due, I believe, to Dr. Salmon. See his Conic Sections, 
p. 273 (third edition). 
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For 



And 



sinPOp ^ BinPO^ sin OPS 
BinFOS^ QinOPQ' BinFOS 

_PQ OS 
^OQ'PS' 

B in BOS ^ &m EOS sin ORQ 
sin eOfi ■" sin 0B8' sin QOIt 

_B8 OQ 

Bin POQ . sin BOSPQ.RS 
;'• sin PO;S. sin QOfi "PS.QB' 

Thus tte proposition is proved. 

Cor. 1. It appears, from the above proposition, that if a 
pencil be cut hj two distinct transversals in P, Q, JB, S and 
JPf Qfy By S' respectivelv, the anharmonic ratio of the range 
P, Q, B, 8 will be equal to that of the range P', Q, R, S'y 
since each is equal to that of the pencil OP, OQj OB^ 08. 

Cor. 2. It appears also that, if four points P, Q^ jB, 8^ 
lying in a straignt line, be joined with each of two other 
points 0, 0\ the anharmonic ratios of the pencils OP, OQ, 
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OR, 08; O'P, OQ, O'R, O'S, will be equal to one another, 
since each is equal to that of the range P, Q, JB, 8. 

21. Dep. a pencil, of which the anharmonic ratio is 
unity, is called an harmonic pencil, 

A range, of which the anharmonic ratio is unity, is called 
an harmonic range, and the straight line, on which the range 
lies, is said to be divided harmonically. 

From what has been said above, it will be seen that, if an 
harmonic pencil be cut by a transversal, the four points of 
section will form an harmonic range. And if four points, 
forming an harmonic range, be joined with a fifth point, the 
four joining lines will form an harmonic pencil. 

The line 08 is said to be a fourth harmonic to the pencil 
OP, OQi OB; and the point 8 to he a, fourth harmonic to 
the range P, ^, JB. 

The term harmonic is employed on account of the cir- 
cumstance, J;hat if the points P, Q, B, 8 form what is above 
defined as ah harmonic range, PB will be an harmonic mean 
between PO. and PiSf. 

For PQ.B8^P8.QB; 

.\ PQ{P8--PB)^P8{PB^PQ); 

.-. PQ : P8 :: PR-^PQi P8^PB, 

whence PQ, PB, P8 are in harmonical progression. 

From the above proportion it appears that if PQ = QB, 
PS ^ CO, Hence, if JPB be bisected in Q, the fourth har- 
monic to the range P, Q, B is infinitely distant. Or, as it 
may otherwise be stated, if PB be bisected in Q, and P, 
Q, B be joined with any point 0, not in the line PP, the 
fourth harmonic to the pencil OP, OQ, OB, will be parallel 
to the transversal PQB. 

22. PbOP. The external and internal bisectors of arky 
angle form, with the lines containing the angle, an harmonic 
pencil 
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Fig. lo. 




Let the angle FOB be bisected internally by OQ^ let 
PO be produced to any point P\ and let the angle P'OE be 
bisected by OS, then 

Bin POQ = sin QOB, 

Qin POS=smP'OS 

=^ sin BOS; 

. sin POQ. sin ^ 0;g 
•*• ain P08. sin QOE 

Hence the truth of the proposition. 

23. Prop. If ABC he the triangle of reference^ and 
AD, AE straight lines respectively represented by the equations 



fi-ky = 0, fi + k'y = 0, 



h' 



then ^ will he the anharmonic ratio of the pencil AB, CA, 
AD, AE. t 
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Fig. ir. 




D C 

Let BC cut AD, AE respectively in i>, E, then since D 
is a point in the line )8 — A7 = 0, 

BD _ AABD _cy _ c 
CD^AAGD'bfi^bk' 

and since ^ is a point in the line ^ + Jcy = 0, 

BE ^ LABE _ CTj _c 
GE" LAGE" --l^^ hU'' 

. BB.GE U 
" BE.GD^ k' 

Jc . 
or -T- is the anharmonic ratio pf the range B, D, Gy E; that 

is, of the pencil AB, AD, A G, AE. 

Cor It hence follows that the straight lines respectively- 
represented by the equations )8=0,/8— A:7=0, 7=0, ^8+^:7=0, 
form an harmonic pencil. 

24. Hence we deduce a geometrical construction for the 
determination of the fourth harmonic to three given inter- 
secting straight lines. 

Let AB, AD, AG he three given intersecting straight 
lines, and let it be required to find a straight line AE, 
such that ABf AD, A G, AE shall form an harmonic pencil 
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Througli i>, any point of the second of the three given 
straight lines, draw two transversals BDGy B'DG', cutting 
AB in J?, B\ AG in (7, 0' respectively. Join BG, BG\ 
and produce them to meet in E, Join AE^ then AE shall 
be the fourth harmonic required* 

For, let ABG be the triangle of reference, and let the 
equation of AD be ^8 — fey = 0. Let the equation of JS* (7 be 
\a + /8-fcy = 0. 

Then that of -BC" is Xa-Z7 = 0, 

JB'(7...Xa+ )8 = 0, 

.• AE ... )8+ ^7=0, 

whence AE is the fourth harmonic required. 



25. Prop. ^ _ . . ^ . ^ , 

poin^ ; and AD, ^A« fowrtk harrnonic to AB, AP, AU mter- 
sect BC «« D; BE, ^ fomth harmonic to BG, BP, BA 



If ABC 6e a given triangUy P any ^^tvew 
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interaeet CA «n E ; CF, the fourth harmonic to CA, CP, CB, 
irUeraed AB in F ; then D, £, F lie in the same straight line. 

Let / ^, A be the co-ordinates of P. Then the equation 
of^Pis 

^-1 = 

Fig. 13. 




whence that of AD is £ + f = 0. 

9 * 

Similarly, that of 5^ is | + 1 = 0, 

CF...U^- = 0. 

J 9 
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From the form of these eq^uations it will be seen that 
the straight line 

passes through 2>, J?, F. Hence these three points are in a 
straight line. 

Cor. The converse proposition to that above enunciated 
maj be demonstrated by similar reasoning. 

The point P, and the line DEF^ may be called harmonics 
of one another with respect to the triangle ABC. 

By combining the proposition last proved with that 
proved in Art (22), we shall obtain a demonstration of 
the statements made in Art. 6 ; that the points in which the 
external bisectors of each angle of a triangle respectively 
intersect the sides opposite to them, lie in the same straight 
line; and that the points in which the external bisector of 
any one angle and the internal bisectors of the other two 
angles, intersect the sides respectively opposite to them, lie in 
the same straight line. 

These straight lines will be respectively represented by 
the equations, 

a + )8+7 = 0, )8 + 7-a = 0, 

7-f.a-i8 = 0, a + )8-7 = 0. 



On Involution. 

26. Defs. Let be a point in a given straight line, 
and let 

P,P',Q,q!,B,E 

be a series of points on that line so taken that 

op.oF^oq.oq^^oR.oE^ 

= a constant. If suppose. 
Then these points are said to form a system in involution. 
If Z" be a point such that OK^^V^ K is called slJocus 
of the system. 
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If T^ be positive, there will evidently be two such foci, 
one on each side of (9, if negative (and k therefore imagi- 
nary) there will be no real foci. 

The point is called the centre of the system. 

Two points, such as P, P', are said to be conjugate to one 
another. 

It is evident that each focus is conjugate to itself, and 
that the conjugate of the centre is at an infinite distance, 
and that a point and its conjugate will be on the same, or 
different sides of the centre, according as the foci are real or 
imaginary. 

The system will be determined when two foci, or a centre 
and focus, are given. It will also be determined if two pair 
of conjugate points be given j as may be seen as follows. 

Let p, p\ y, q be the respective distances of the four 
points from any arbitrary point on the line, x the distance of 
the centre from the same point. 

Then, by definition, 

(;?-«?) (/-a?) = (j-aj) [g^-x)] 

p+p-q-q' 
which determines the centre. 

27. Pbop. The anharmonic ratio of four joints is equal 
to that of their four conjugates. 

For, if OP =^, OQ = q, OB=-r, 08 =s, 

■• ^ (s-p){r-q)' 

\8 p) \r q) 
^{ p-q){r-8) 
[p -8){q-^ r) 

which proves the proposition. 
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Cor. It is evident that [PCJ2P'] = [P'^JS'P]. 

28. Prop. Any two conjugate points form^ with the two 
foci^ an harmonic range. 

Let K^K^ be the foci, then 

Z;P=p - Ic, K^P=p + h 

. p P 

then Z;P.^.P'=(j>^i)(| + A)=|(p^-AO, 

and^,F.^.P=(^-^(A:+i>)=|(/-A:»); 

or the four points in question form a harmonic range. 

Conversely, if there be a system of pairs of points in a 
straight line, such that each pair forms, with two given points, 
an harmonic range, the aggregate of the pairs of points will 
form a system in involution, of which the two given points 
are the foci. 

29. A system of straight lines, intersecting in a point, 
may be treated in the same manner as a system of points 
lying in a straight line, the sine of the angle between any 
two lines taking the place of the mutual distance of two 

J)oints. From the proposition, proved in Art. 20, it will 
bllow that, if a system of straight lines in involution be cut 
by a transversal, the points of section will al^o be in invo- 
lution. 
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CHAPTER 11. 



SPECIAL FORMS OP THE EQUATION OF THE SECOND DEGREE. 

1. We now proceed to the discussion of the curve repre- 
sented hj the equation of the second degree. We shall first 
prove that every curve, represented by such an equation, is 
what is commonly called a conic section ; and then, before 
proceeding further with the consideration of the general equa- 
tion, shall investigate the nature of the curve corresponding 
to certain special forms of the equation. 

Prop. Every curve represented hy an equation of the second 
degree is cut hy a straight line in two points^ real^ coincident^ 
or imaginary. 

The general equation of the second degree is represented 
by 

ua* + vjS' +w^ + 2u' ^y -^ 2v' ya + 2w afi^^O. 

To find where the curve, of which this is the equation, is cut 
by the straight line 

h, + m^ + ^7 = 0, 

we may eliminate a between the two equations. This will 

give us a quadratic for the determination of — , to each of the 

two values of this ratio, real, equal, or imaginary, one value 
of a will correspond ; whence it appears that the straight line 
and the curve cut one 'another in two real, coincident, or 
imaginary points. 

Hence, the curve is of the same nature as that represented 
by the equation of the second degree in Cartesian co-ordinates, 
and is, therefore, a conic section, 

F. 3 
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2. We shall now inquire what are the relations of the 
conic section to the triangle of reference, when certain rela- 
tions exist among the coei&cients of the equation. 

First, suppose «, t?, «?, all = 0. 

The equation then assumes the form 

which we shall write 

X^ + fiya + vafi^^O. 
Now, if in this equation we put a= 0, it reduces itself to 
X/87=0, 
which requires either that )8 = 0, or that 7 = 0. 

It hence appears that the curre passes through two of the 
angular points (jB, (7) of the triangle of reference. It may 
similarly be shewn to pass through the third. Hence the 
equation 

X/87 + fji/ya + val3 = 0, 

or, as it may also be written, 

a ^ 7 
represents a conic, described about the triangle of referen/ce. 

3. Let us now inquire how the line 

/L6 V 

is related to this conic. 

If in the equation of the conic we put - + - = 0, or, 

which is the same thing, yLt7 + 1/)8 = 0, it reduces to X/87 = 0. 

Hence the line — + - = meets the conic in the points in 

which it meets the lines ^8=0, 7 = 0; but these two points 
coincide, since the line in question evidently passes through 
the point of intersection of )8 = and 7 = 0. Hence the 
straight line and the conic meet one another in coincident 
points, that is, they touch one another at the point A. 
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Similarly, the equations of the tangents at B and C are 

2^ + 1 = 0. 

4. To determine the position of the centre of the conic. 

Through the angular points A^ -B, C of the triangle of 
reference draw the tangents EAFy FBD, DCE. Bisect 

Fig. 14. 




-4(7, AB respectively in H, 7, join jEBT, 72", and produce 
them to intersect in 0. Then, since every straight line 
drawn through the intersection of two tangents so as to hisect 
their chord of contact passes also through the centre, will 
be the centre of the conic. 

3—2 . 
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Now, at the point E, we have 

and at the point S 

j8 = 0, cr/^aoL. 

Hence the equation of EH is 

Similarly that of Zf is 

Xa V/i v) fib\v Xy 
Hence, at the point 0, 

Xa \/A i;/ /Lt6 \v X/ i/c vX /a/ ' 
? ^ 2 

X ^ /L6 V 

— Xa + /^ + vc Xa— /a6+vc Xa + /Lt6 — i/c' 
These equations determine the position of the centre. 

CoE. We may hence deduce the relation which must 
hold between X, /Lt, r, in order that the conic may be a para- 
bola. For, since the centre of a parabola is at an infinite 
distance, its co-ordinates will satisfy the equation 

We hence obtain the following equation : 

XV + [i^V + 1^(?— 2fJLvbc - 2v\ca - 2\/iab = 0, 
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whicli is equivalent to 

±(Xa)*±(/^J)*±W* = 0, 

as tlie necessarj and sufficient condition that the conic should 
he a parabola. 

5. To determine the condition that a given straight line 
may touch the conic. 

If the conic be touched by the straight line {I, fw, n), the 
two values of the ratio ^ : 7, obtained by eliminating a 
'between the equations 

\fiy + fJi/yoL + vafi = 0, 

la + mfi 4. wy = 0, 

must be coincident. The equation which determines these is 

and the condition that the two values of jS : 7 be equal, is 
Afin • vm — (jim + pn — \Z)* = 0, 
or X'P + /aW + i^n^ — 2fiv • mn — 2v\ . nl — 2\/i . Zw = 0, 
which is equivalent to 

If this be compared with the condition investigated in 
Art. (4) that the conic may be a parabola, it will be observed 
that the parabola satisfies the analytical condition of touching 
the straight line aa + 6/8 + 07 = 0. This is generally ex- 
pressed by saying that every jparahola touches the line at 
infinity. 

6. To investigate the equation of the circle, circumscribing 
the triangle of reference. 

This may be deduced from the consideration that the 
co-ordinates of the centre of the circumscribing circle are 
respectively proportional to cos -4, cos B, cos C (see p. 4). Or 
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it may be independently investigated as follows. Draw EAF^ 
FAD^ DAE (fig. 2), tangents to the circle, then the angle 
EAG is equal to ABGy and FAB to AGB (Euc. iii. 32). 
Hence the equation of the tangent EAF must be 



Ah.. 7 



sin B sin G 



= 0. 



^ig. 15. 




or -T + — = u. 
o c 



are 



Similarly the equations of the other tangents FBD^ DOE 

c a 
a B 
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and," comparing these with the forms of equations of the 
tangents given in Art. (3), we see that the equation of the 
circumscribing circle is 

or, as it may also be written, 

sin.^ 8in B sin (7 __ ^ 

7. Having thus discussed the equation of the conic, cir- 
cumscribing the triangle of reference, we may proceed to in^ 
vestlgate that of the conic which touches its three sides. The 
condition that the conic 

may touch the line a = Is, that the left-hand member of the 
equation obtained by writing a = in the above may be a 
perfect square. This requires that 

or tt' = ± {vwy. 

Similarly, v' = ± {wu)\ 

w' = ± {uv)\ 

are necessary conditions that the conic should touch the lines 
/3 = 0, 7 = 0. 

We must observe, however, that if the conic touch all 
three of the sides of the triangle of reference^ the threJe double 
signs in the above equations must be taken all negatively, or 
two positwely and one negatively. For, if they be taken 
otherwise, the left-hand member of the equation of the conic 
will become a perfect square, as may be ascertained by sub- 
stitution, and the conic will degenerate into a straight line, 
or rather into two coincident straight lines. 
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Taking then the double signs all negatively, and writing 
for convenience, 2/', JiP, N*, instead of «, t?, w, the equation 
of the conic which touches the three sides of tiie triangle of 
reference becomes 

which is equivalent to 

±(ia)»±(Jli}9)»±(^7)* = 0. 

It may be remarked, that the condition that the point 
{I, m, n) should lie in the above conic, is the same as the con- 
dition that the straight line {I, w, w) should touch the cir- 
cumscribing conic 

L^ + MyoL + Nafi = 0, 
See Art, 5, This we shall return to hereafter. 

8. To find the centre of the conic* 

Let Dy JEy Fhe the points of contact of the sides BC, 
GA, AB respectively. Join EF, FD, BE, bisect FB, BE in 
H^ /, join j?ja, CZ", and produce them to meet in 0. Then 
will be the centre of the conic (see p. 32). We have 
then to find the equations of -Bff, (77, which, by their in- 
tersection, determine 0. 

Fig. i6. 
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Let f^y g^^ \ be the co-ordinates otD. Then X = ; and 
9\» \ ^^ t® tt® values of /8, 7, which satisfy the equations 

or Jf/8-JVV = 0, 

and 5^ 4. C7 = 2 A. 

Hence, ffi--TfL — irr 2 A 

= -r 2A. 

Liz 

M^ N 

In like manner it may be proved that, if/,, fl'j, Ag be the 
co-ordinates of E^ 

Now, for J, and therefore for every point in the line (XT, 
« _ )8 

Therefore the equation of CT is 



or 



Similarly that of BE is 



ifo + X6~JVJ + Jfc* 
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Therefore at the point we have 

P 7. 



M + Mc'^Lc + Na Ma + Lh' 

These equations with 

aa + 5)8 + C7 = 2 A 

determine the co-ordinates of the centre. 

Cor. Hence may be obtained the condition that the 
conic may be a parabola. For the centre of a parabola is 
infinitelj distant, its co-ordinates must therefore satisfy the 
algebraical relation 

aa+ J/9 + C7 = 0, 



whence we get 



Lbc + Mca^-Nah^O, 



L M N ^ 
or + + «0, 

a o c 

as the required condition. 

This will be observed by reference to Art. 9, to be iden- 
tical with the condition that the conic should touch the 
straight line, aa + J/8 + C7 = 0, and thus we are again led 
to the conclusion noticed in Art. 7, that every parabola 
touches the line at infinity. 

9. To find the condition that the conic should touch a given 
straight line. 

If the straight line (?, m, n) be a tangent to the conic, the 
values of the ratio /8 : 7, obtained by eliminating a between 
the equation of the conic and the equation 



la + m/S + n7 = 0, 

5 another. For this 
e equation of the co: 



must be equal to one another. For this purpose, it is most 
convenient to take the equation of the conic in the form 
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Eliminating a, we then get 

L (m/3 + vri) + 1{{M^)^ ± {Ni)^Y = <>. 
or {Lm +Ml)^+ {Ln + Nl)y± 2l {MN^)^ = 0, 

J 

be equal, we have 

{Lm + Ml) {Ln + Nl) - l'MN= 0, 
or Lmn + Mnl + Nlm = 0, 

which may also be written 

L M N ^ 
i m n 

It hence appears that the condition, that the line (?, w, n) 
should touch the conic 

"(ia)4±(if/3)i + (iV7)4 = 0, 

ia identical with the condition that the point (Z, m, w) 
should lie in the conic 

LMN ^ 
-+^ + - = 0; 
a /3 7 

a result analogous to that obtained in Art. 13, chap. i. 

10. To Jind the equations of the four circles which touch 
the three sides of the triangle of reference. 

These may be obtained most readily by the employment 
of the equations for the determination of the centre, obtained 
in Art. 8. Thus, let it be required to find the ratios of 
i, M, N in order that the conic may become the inscribed 
circle. At the. centre of this circle we have, as we know, 
a = ^ = 7. 



44 MODERN GEOMETRY. 

This gives, by the result of Art, 8, 

Nb-\-Mc = Lc-\-Na=::Ma + Lh. 

To solve these equations, put each member equal to r, 
we then get 

b "^ c^hc' 
c a ca^ 

a h ah' 

Adding together the last two of these equations, and sub- 
tracting the first, we get 

•^=2 W—' 

Similar expressions being obtained for M and -AT, we 
see that 

r -tr -KT i-hc — a c + a-^b a + h — c 

L : M : N :: ^ : : 7 — 

00 ca ab 

,A ,B ,(7 
:: cos" — : cos" - : cos" - . 

Ji 2 2 

Hence the inscribed circle is represented by the equation 

cos — . a* + cos ~ . /8* + cos ~ . 7* = 0. 

It may similarly be proved that the escribed circles, of 
which the centres are respectively given by 

-.a = /3 = 7, a = -^=:y, a=^ = -7, 

will be represented by the equations 

cos-g (- a)* + sin- ./8^ + sin- .7* = 0, 
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sin — . a* + COS ~ (-/3)* + sm--.7* = 0, 



sin 



2- ' ™5J 



We may remark that, at every point in the circle which 
touches BG externally, a is essentially negative, so that the 
form (—a)* represents a real quantity. Similarly the appear- 
ance of (— ^)^ (—7)* in the equations of the other two 
escribed circles may be accounted for*. 

11. The next form of the general equation of the second 
degree which we propose to consider is that in which u\ v\ w\ 
the respective coefficients of 2^7, 27a, 2a)8, are all = 0. The 
equation then assumes the form 

We observe in the first place, that if this equation represent 
a real conic, the coefficients of a*, ^S*, 7*, cannot be all of the 
same sign. Suppose the coefficient of a* to be of a difierent 
sign from the other two, then writing, for convenience of 
fiiture investigations, U^ —M^^ —N^ for w, v, w respectively, 
our equation assumes the form 

12. We have now to enquire how this conic is related to 
the triangle of reference. 

Putting ^ = 0, we get 

ia = ± Ny. 

ABC 

* If these equations be rationalised, and the sines and cosines of -^ , — , — 

be expressed in terms of the sides, they assume the following forms : 

o«(»-a)»o»+6«(3-J)«/5«+c2(«-c)V-"26c(»-.5)(«-c)/37-2ca(«-c)(«-a)7a 

-2o6(«-a) («-6)oj3=0, 
oVa«+6»(»-c)«/5«+c»(«-6)«7a-26c(a-6)(*-c)/37 + 2(?a»(«-6)7a 

+2aht{9-c)ap=0, 
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The interpretation of this equation is, that the two 
straight lines drawn from B to the points in which the conic 
is cut by C4, form, with BC, BA, an harmonic pencil. 

It may similarly be proved that the two straight lines 
drawn from G to the points in which the conic is cut by AB, 
form, with C4, CB, an harmonic pencil. 

If we put a = 0, we get 

shewing that BO cuts the conic in two imaginary points. 
The analytical condition of harmonic section is, however, 
satisfied here also. 

13. We may next investigate the equations of the tan- 
gents drawn through the points Ay B, G. 

If in the equation of the conic we put La = Ny^ we get 
13 = 0, shewing that the straight line La — Ny = meets the 
conic in two coincident points, and, therefore, touches it 

Similarly 

La-\-Ny=-0, ia-if/S = 0, ia + if/3 = 0, 
are tangents to the conic. 

The tangents to the conic drawn through A would be 
analytically represented by the equations 

J|f/3 = V(-l)iV7, Jf/S = -V(-1)^7, 

which shew that these tangents are imaginary ^ or that the 
point A lies within the concavity of the conic. 

14. Since the two tangents drawn through B meet the 
conic in points situated in the line C4, it follows that GA is 
the chord of contact of tangents to the conic drawn through 
By or that GA is the polar of B^ and B the pole of GA with 
respect to the conic. Similarly, G^ AB, stand to one another 
in the relation of pole and polar. 

Again, since the pole of AB is the point C, and the pole 
of A G is the point B, it follows that the line joining B and G 
is the polar of the point of intersection of -4j5, A G, i. e. that 
A is the pole of BG, and BG the polar of A. 
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We come then to this conclusion, that when an equation 
of the second degree does not involve the terms /87, 7a, a^, 
the conic represented by it is so related to the triangle of 
reference, that each aide of the triangle is the polar, with 
respect to the. conic, of the opposite angular point^. 

This is expressed by saying that the triangle is self con- 
jugate with respect to the conic; or that the three angular 
points of the triangle form a conjugate triad. 

The geometrical properties of the conic having been thus 
established, we shall, in future investigations, write for the 
sake of symmetry of form, — L^ instead of i*, so that the 
equatioi! of the conic will be written 

iV + Jf^/8» + iV^7» = a 

It must here be borne in mind that one of the three quan- 
tities Lf M, N is essentially imaginary. 

15. Any two conic sections represented by such equa- 
tions as 

XV + iiry8^ + J^7» = 0, 

have important relations to one another, which we proceed to 
consider. 

They will of course intersect in four points, which may 
be real or imaginary. We will first suppose them real, and 
represent them by the letters P, Q, B, S. 

Now the locus of the equation 

passes through all the points P, Q, R, 8; and, since it may 
be resolved mto linear factors, represents two straight lines. 

• If the coefficients of /S* and 7* be equal, and the triangle of reference be 
right-angled at ^, the form of the equation shews that A wUl be a focus of the 
conic, and BC the corresponding directrls. 
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Suppose them to be PQ and B8. The intersection of these 
two straight lines is given by the equations 

which evidently give /9 = 0, 7^0. 
Hence FQ^ B8 intersect in A. 

Similarly, PB, Q8 intersect in By and P8, QB intersect 
in C. Hence, the angular points of the triangle of reference 
coincide with the intersections of the line joining each pair 
of points of intersection of the conies with the line join- 
ing the other pair. Hence also, if any number t)f conic 
sections be described about the same quadrangle*, and the 
diagonals of that quadrangle intersect in -4, while the sides 
produced intersect in B and (7, then -4, 5, C form, with 
respect to each of the circumscribing conies, a conjugate 
triad. The points -4, jB, G may themselves be called vertices 
of the quadrangle, or of the system of circumscribing conies. 

It will be seen, from the preceding investigation, that any 
two conies which intersect in four real points can be reduced, 
by a proper choice of the triangle of reference, to the form 

iV + Jiri8» + -?r7» = 0. 

The same reduction mav also be effected in every case 
with the reservation that if two of the points of intersection 
of the conies be real and two imaginary, then two of the 
angular points of the triangle of reference (or vertices) will 
be imaginary and the remaining one real. If all the points 
of intersection be imaginary, the vertices of the conies will be 
all real. This we shall prove hereafter. 

16. To find the condition that a given straight line may 
touch the conic. 

Let the equation of the straight line be 

* I employ the term quadrangle in preference to gucuirilateral, conadering 
a qwtdrangle as a figure primarily determined by four points, a qttadriliUeral by 
four indefinite straight lines. 
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Where "this meets the conic, we have 

and, making the. two values of ^ : 7 equal, we get 
(i V + MT) [Un^ + iPr) = iV< 

whence M'IPP + N'LW + LWn^ = 0, 

or L' + W^2r^^' 

the required condition. 

17. To fmd the condition that the conic may he a paror 
bola. 

Since every parabola satisfies the analytical condition of 
touching the Ime 

the required condition becomes 

18. To find the coordinates of the centre. 

Let jBg, B^ be the points in which the conic is cut by GA^ 
then, if B^t B^ be bisected in Q^ the line BQ will pass 
through the centre. 

Now, let ^, 0, A3 be the co-ordinates of jBj, 

/x,0,A, 5,. 

Then those of Q are 

2 ' "' 2 ' 

and the equation of 5Q will be 
7 ^ « 
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Now ^, /i are the values of a given hj the equations 
iV + 2P;3» + i^7« = 0, 
fi =0, 

which, eliminating /3, 7, are equivalent to 
iVa« + JV'«(aa-2A)"=0, 

4A.J^ra 
whence /, +/i - ^v'+J^' * 

r.. .1 1 L .1 4A.i*c 

Smiilarly •'^^^ IPa* + LV* 

Hence the equation of jBQ is 

J^7 i"a 

or = • 

a 

This gives one straight line on which the centre lies. It 
may be similarly proved to lie on the straight line 

a " b ' 

Therefore the co-ordinates of the centre are given by the 
equations 

a b c * 

Combining therewith 

aa + J/8 + oy = 2A, 

we get for the co-ordinates of the centre 

a b c 

1} W ^. IP 
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Each of these becomes infinite when the conic is a para- 
bola, as manifestly ought to be the case. 

19. To find the eqtiatton of the circle with respect to which 
the triangle of reference is self conjugate. 

It is a distinguishing property of the circle that the line 
joining the centre with any other point is perpendicular to the 
polar of that point. Hence the line 

b c ~"' 

which joins the centre with the point A, must be perpendicu- 
lar to a = 0. This gives (see Art. 5, p. 8) 



bcoaB ccosG* 

Similarly, since the lines joining the centre with 5, C 
are respectively perpendicular to 



if* 





/3=0, 7 = 0, 


we shall have 




N* 


L* V 



ccos (7""ocos-4' acos J.""Jcos5' 

Hence the equation of the required circle is 

a cos -4 • a* + J cos 5 . /3^ + c cos (7 . 7^ = 0, 

or sin 2-4 . a* + sin 25. /8' + sin2(7.7'=0. 

It will be remarked that this circle will be imaginary^ 
unless one of the quantities sin 2^, sin 25, sin 2 (7 be nega- 
tive, that is, unless one of the angles 2^, 25, 2(7 be greater 
than two right angles, or unless the, triangle of reference he 
obtuse-angled. 

Cor. By referring to the expressions for the co-ordinates 
of the centre of the conic, given m Art. 18, we see that at the 
centre of the circle we have 

acos -4 = j8 cos 5 = 7 cos (7. 

4—2 
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Or, the centre of the circhy with respect to which the tri- 
angle of reference is self-conjugate^ coincides with the intersec- 
tion of the perpendiculars drawn from the angular points to 
the opposite sides. This is otherwise evident from geometri- 
cal considerations. 

20. To find the equation of the conic which touches two 
sides of the triangle of reference in the points where they ineei 
the third. 

Let ABy -4(7 be the two sides which the required conic 
touches in the points B, C. We then require that the con- 
stants in the equation 

La^ + M^-\-Nr/ + 2Xfiy + Ifiya + 2va/3 = 

should be so related to one another, that when ^ = we have 
the two values of a = 0, and also when 7 = the two values 
of a may each = 0. 

Hence the two equations 

Xa'+iVV + 2/A7a = 0, 

ia" + if/3»+2i^a/3=0, 

must both be identically satisfied when a = 0, and hy no 
other value. This requires that 

^ = 0, /A = 0, ir=0, j/ = 0. 

Hence the equation reduces to 

ia"+2X/S7=:0, 

or, writing — V for — , 

AjV = ^7, 

This equation, it will be observed, involves only one arbi- 
trarjr constant, as ought to be the case, since when a tangent 
and its point of contact are given, the conic is thus subjected 
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to two conditions, and, therefore, when two tangents and 
their points of contact are given, to four, 

21. If any straight line whatever be drawn through -4, 
and meet the conic in P, Q, and be represented by the 
equation 

then BP^ BQ will be represented by the equations 

ha. = W7, hoL^^-- ny, 

from the form of which it is apparent that BA, BP^ BG, BQ 
form an harmonic pencil. Or ant/ chord of a conic is divided 
harmonically hy the conic itself y any point on the chords and 
the polar of the point with respect to the conic, 

22. We may observe, that the two straight lines repre- 
sented by the equations 

hoL = (oB. A;a = — 7, 

CO 

intersect on this conic whatever be the value of o). Hence 
any point on the conic may be expressed by giving the value 
of the ratio 

If © be the value of this ratio at any point, that point 
may be denoted by the letter to*. The line joining the two 
points 0), ft)' may be called the line gxo'. 

23. To find the equation of the line owo'. 
Let the required equation be 

ia4-?w/8 + n7 = 0, 
we have then to determine m and n. 

Since, when Tool = (oB. Tct. — -^, 

ft) 

vn 
we get IH — + n© — 0. 

* This mode of expression is given by Salmon in his (7onic Stciifmt. 
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Similarly 1 + -? + w©' = 0. 

TT ©' — G) OMO' 

Hence m = > = j . 

CD 6) ei> + ci> ' 

1 



and n = — 

Hence the line ©©' is represented by the equation 
0)0)'^ + 7 = (o) + ft)') A;a. 

24. To find the equation of the tangent at ©. 

This is obtained at once, from the result of the preced- 
ing article, by simply putting <o' = ©. It will then be seen 
to be 

0)^)8 + 7 = 2© . A;a. 

25. To find the pole of ©©'. 

The pole of ioto is the point of intersection of the tangents 
at 0), 6)'. 

It is therefore given by the equations 

2o) . ia - o>'j8 -7 = 0, 

2G)'.ia-©*/8-7 = 0, 

whence 

Tctf. P 7 



'\ » 



ft)* — ft)'* 2(a> — a>') 20)0)' (ft) — 0)') 

2^a ^ 7 
ft) + 6) ©o; 

26. 7b ^nef the condition that a given straight line may 
touch the conic. 

Let the equation of the given straight line be 
h. + m^ + n7 = 0. 
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From Art. 24, it appears that if this straight line touch 
the conic, it must admit of being put in the form 

2(ok _ ft)^ _ 1 
6 m n 
whence V = 4Jc^mn^ 

the required condition. 

The co-ordinates of the point of contact of this line will 
be determined by the equations 

— Za = 2m/8 = 2w7. 

Cor, By writing a, J, c, respectively for Z, w, n in the 
condition of tangency just investigated, we see that the 
necessary condition in order that the conic may be a para- 
bola is 

a* = 4J*Jc. 

Or the equation of the parabola touching AB, AC in B, 
C, is 

aV = Aic/Sy, 

27. To find the centre of the conic. 

Since the conic touches AB^ AG \xi BOy it follows that 
tbe straight line drawn through A, and the middle point of 
BGj will pass through the centre. The equation of this 
straight line is 

^^ fii ffi9 Ki fii ffii K ^ ^^^ co-ordinates of the points 
in which the straignt line meets the conic, those of the 
centre will be 

A+A 9i+ff2 K-^K 

2 ' 2 ' 2 ' 

Nowj^,/j, g^, g^y A^, h^ are the respective values of 
a, J3, 7, obtained n:om the equations 

A:V-/97 = 0, 
5/3-C7 = 0, 
aa + bfi + cy = 2A. 



56 MODERN QEOMETRT. 

Eliminating % a between these, we get 



Similarly 



h,-^h, _ 4ytA 



'These are the values )3, 7 at the centre. The correspond- 
ing value of A may be ascertained by substitution ia the 
equation 

^ , — 2aA 

to be 



4Jk*ic-a"' 



These values all become infinite when 4P5c = a*, as mani- 
festly ought to be the case, since, as has been shewn in Art. 
24, the conic is then a parabola. 



Examples. 

1. A triangle is inscribed in a conic ; prove that the points, 
in which each side intersects the tangent at the opposite angle^ lie 
in a straight line. 

2. A triangle is described about a conic; prove that the 
straight lines, joining each angular point with the point of contact 
of the opposite side, intersect in a point. 

3. Find the equations of the normals to the conic XPyhpya 
+ vaP = 0, drawn at the angular points of the triangle of reference ; 
and prove that they will intersect in a point if 

4. If the normals to a circumscribing conic, at the angalar 
points of the triangle of reference, meet in a point, prove that the 
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locus of the centre of the conic is made tip of the curve repre- 
sented by the equation 

and of the three straight lines which join the middle points of the 
sides of the triangle of reference. 

5. Three conies are drawn, touching respectively each pair of 
the sides of a triangle at the angular points where they meet the 
third side, and all intersecting in a point. Prove that the three 
tangents at their common point meet the sides of the triangle 
which intersect their respective conies in three points lying in a 
straight line ; and that the other common tangents to each pair of 
conies intersect the sides of the triangle which touch the several 
pail's of conies in the same three points. 

6. Prove that the points of intersection of the opposite sides 
of any quadrangle, and the point of intersection of the diagonals, 
form a conjugate triad with respect to any conic described about 
the quadrangle. 

7. If E be the radius of the circle described about the triangle 
of reference, p that of the circle with respect to which the triangle 
of reference is self-conjugate, prove that 

p* + 4jR' cos -4 cos j5 cos (7 = 0. 

8. If BC, CAy AB he three given tangents to a conic, 
Pj Q, R three points on the curve, and if the areas of the triangles 
PBC, FdAy FAB be denoted by p^, p , p^, respectively, and those 
of the triangles obtained by successively writing Q and JR in place 
of F by q^, q^, q^ r^, r^, r„ prove that 

9. Prove that the diagonals of any quadrilateral described 
about a conic, and the lines joining the points of contact of 
opposite sides, all intersect in a point. 

10. A system of conies is described touching three straight 
lines ; prove that, if one of the foci move along a given straight 
line, the other will describe a conic about the triangle. 

Hence prove that the circle, which passes through the points 
of intersection of three tangents to a parabola^ passes also through 
the focus. 
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11. Prove that the equation of the line passing through the 
feet of the perpendiculars from a point a^, )8j, y^, of the circle 
a^y + hya + cafi = 0, on the sides of the triangle of reference, may 
be put in the foim, 

'A±hi a«+ "y'-"*^- hB+ ^.+'^P, 

fi^coaG—y^coBB y^cos^— a, cosC ttjCos^— jSjCOS^i 

cy = 0. 

12. Shew that the axis of the parabola, whose equation is 
a"a* = 46cj8y, is given by the equation 



(c4-6cosil))8-(6 + ccos-4)y = ^(- - 7) 



aau 



13. The equation of the directrix of the parabola, which 
touches the sides of the triangle of reference, and also the straight 
line la + mfi + vy = is 

a cos -4 ( )+ficosj5( — 7 l+vcos(7( T V 

\m n/ ^ \n IJ ' \l^ m) 

14. If the equation 

(?a)4 + (m)8)* + (wy)* = 
represent a parabola, the equation of its axis is 
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CHAPTER III. 

ON ELIMINATION BETWEEN LINEAB EQUATIONS. 

1. Befobe entering npon the discussion of the conic re- 
presented by the general equation of the second degree, it will 
be necessary to devote a few pages to the subject of elimina- 
tion between homogeneous linear equations, and to explain 
some of the terms recently introduced in connection with 
this branch of analysis. 

We shall, however, only state and prove such elementary 
theorems as will be necessary in our future investigations; 
referring the reader who may be desirous of fuller informa- 
tion to Salmon's Lessons on the Higher AJgehra ; Spottis- 
woode, On Determinants (the second edition of which will be 
found in Crelle's Journal, t. 51, pp. 209, 328), and to the ori- 
ginal memoirs communicated to various scientific Journals 
by Messrs Boole, Sylvester, Cayley, and others. 

2. If we have given n homogeneous linear equations, con- 
necting n unknown quantities aj^, a?, ... a;,, such as 

a^x^ + a^^ + ... + a^x^ = 0, 
J,a?j + J,a?,+ ... + J„a;„ = 0, 

fC^X^ "T* "'a^j "P • • • I f^n*^n ^ ^9 

the quantities aj^, ajj...a?^ can be eliminated between them, 
and the result of the elimination may be expressed by 
omitting aj^, a?, ... ar,, and writing the coefficients only in the 
order in which they appear in the given equations, thus 



60 



MODERN GEOMETBY. 



A?j, k^ .«• Aj„ 



= 0. 



The left-hand member of this equation is what is called 
the determinant of the given system of equations. 

We proceed to investigate the law of its formation, 

3. First, suppose we have two equations, 
a^x^ + a^x^ = 0, 

K^i + *2^a = 0- 

Multiply the first by h^, the second by a^, and subtract, 
and we get 



Hence 



hy h 



= «A-^2^' 



We may remark in passing that we shall obtain the same 
result by eliminating \, \ between the equations 



Hence 



«i> h 



K h 



^ A like theorem will be proved to be true for all deter- 
minants. 

4. Next, suppose we have the three equations 

\x^ + Ja^a + \x^ = 0, 
c^x^ + c^^ + c^x^ = 0. 



DETERMINANTS OF THREE ROWS. 
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Multiply these equations in order by the arbitrary multi- 
pliers \, \j, \g, and add them together. Let the two ratios 
Xj : \j : \ be determined by the conditions that the coeffici- 
ents of ojjj and x^ in the resulting equation shall each be 
zero, i.e. let 






The resulting equation is then reduced to 

which requires that 

«x\+^A+^A = ^ 



.(B). 



Multiply the first of equations (A) by ^g, the second by 
a^y and subtract, we then get 



or 



\ _ \ 



^2^8 -^8^2 «2*8-«8^2 



*2<^8-Vs 



, by symmetry... (C). 



Hence, dividing each term of (B) by the corresponding 
member of (C) we get 



or 





= 


= «>(*. 


c,-V 








= «. 




+ h 




+ C, 






=«> 




^8 


-\ 




+ c, 
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It will be seen that the above process is really ecjuivalent 
to that of eliminating \y X^, \ between the equations (A) 
and (B). Hence 



«i. «„ a. 


= 


«1. *1. c, 



5. Next, let us have the four equations 

a^x^ + a^j + a^x^ + a^x^ = 0, 
i^aJi + b^^ + \x^ + h,x, = , 
^A + c,a?, + c^3 + c^x^ = 0, 
rfjfljj + d^^ + rfjiCj + c?,a;^ = 0. 

To effect the elimination, multiply the equations in order 
by Xj, \, Xg, X., add them, and equate the coefficients of 
ajj, ajg, x^ severally to zero. We shall then have 

which equations involve as a consequence 

«A + ^\ + ^A + ^i\ = ^ (B'). 

To determine the three ratios Xj : X, : X^ : X^, multiply 
equations (A') in order by /Ltj, /x-g, /t^, add, and equate to zero 
the coefficients of Xg, X^. We thus get 



.(C). 



Also (a/t2 + ag/Ltg + aj[^J\ + (Jj^3 + Jg^g+5jLtJX, = 0, 



whence 



Ma + M8+*^4 - («8^a + «8^8 + «J^4) ' 

Now, treating equations (C) as equations (A) were treated, 
we see that 

^Z^i " ^ A ^ A ■" ^8^4 ^8<4 ■" ^8^« ' 
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or 



J^i_- 



i_ — 



whence 



or 







«.. < 




c„ d^ 




c„ d^ 








c„ rf. 




C„ (i. 




c.. '^s 




\ 




h 




+*. 




+ 5, 






■'-- 


\ 


«. 




+«. 




+ o. 








\ 




= 1* - 


\. 







i„ c„ <?, 




K^ Cj, <?g 




J„ c^, rf. 








which, by STmmetry, are equal to 



«.. 


K 


^ 


a„ 


K 


d^ 


««. 


K 


d. 





\ 




««» 


hi 


c* 


«.. 


*.. 


<% 


l««. 


*., 


c« 



These equations may be more conveniently written in the 
following equivalent fonns : 





\ 




K 


K 


K 




d^, 


«4 
d. 





\ 




— 




C4 





\ 




««. 


«.. 


«4 


*.. 


K 


J. 


rf„ 


<?.. 


<^. 







\ 






«.. 


<».. 


«« 


— 


*., 


^, 


i. 




«.. 


c.. 


«* 



Eliminating by means of these equations A^, X,, X3, \, 
from equation B', we get, as the result of the elimination of 
a?i> ^%i ^8> ^4 between the four given equations, 
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K K hy h 



^S> ^4 



^1> ^1> ^8> ^4 



= a. 



+ c, 



»., 


h> 


*. 




c,. 


«.. 


"4 


-K 


^., 


^., 


d. 








-^x 



«2» ^8> ^4 
^8> ^8» ^^4 
^a> ^8> ^4 



«a> S» ^4 
^2> ^8> ^4 



And since the above process is equivalent to the elimi- 
nation of \y \, Xj, \ between the equations (A') and (B'), 
we see that 

«1» \j Cti ^1 

«8, &8> c„ eZ, 

«8» *8> ^8> ^8 
«4> *4> ^4> ^4 

6. The law of formation will be sufficiently obvious from 
the above investigations. If we have n lines and columns, it 
may be similarly proved that 



«1. 


««. 


«s. 


«4 




h> 


h, 


h> 


6. 




c»» 


Ci. 


«.. 


C4 




^.. 


rf,. 


<?., 


< 





*1> *»» ^J-"*» 






= 0, 



*8, h...K 






-h 



Cj, C3..,c„ 

^8> ^s'**^n 



+ Cl 






+ ...+(-1)"-**. 
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It may also be proved that if we have n — 1 equations 
connecting n quantities \, \... \„ such as 

a^\ + ijX, + c^\ + ... + ^a\» = 0, 

^4 \ + *A + ^A + — + ^A = o> 



we shall obtain the following ratios between \, \, Xjj.-.X^, 



\ 








K,Cn.. 


■K 



^S> ^8"»^8 




\ 






.Tc, 


a,. 5,.. 


• K 



By reference to the expanded values of the determinants 



K\ 






it will be seen that the former contains 1 . 2 or two terms,' the 
latter 1.2,3 or six. It m^y also be proved that, if n quanti- 
ties be eliminated from n linear homogeneous equations, the 
resulting determinant will contain 1.2.3...n terms. For, 
referring to the relation between determinants of n and w -- 1 
rows, given in Arts. (4), (5), (6), it will be seen that this theo- 
rem is true for a determinant of n rows, if it be true for 
one of 71 — 1. But it is true for three rows, therefore it is 
imiversally true. 

7. The horizontal rows of a determinant are commonly 
spoken of as "lines," th^ vertical ones as "columns.'*. It 
F. 5 



«t. 


«i. 


«. 


h> 


K 


^ 


Cl. 


C|. 


c. 
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viU be observed, moreover, that each term Is the product of 
n factors, one taken from each line and from each column, 
and that the coefficients of one half of the terms are + 1, of 
the other — 1. To determine the sign of any particular term 
we proceed as follows. Considering for simplicity the case of 
three rows, we have 

Here we observe, first, that (the factors of each term 
being arranged in alphabetical order, that is, in the order of 
the columns) the term afi^c^ {in which the suffixes follow 
the arithmetical order, that is, the order of the lines) has a 
positive coefficient Now every other term may be formed 
feom this by making each suffix change places with either of 
its adjacent suffixes a sufficient number of times. Thus the 
term afij:^^ is produced by simply making the suffixes 2 and 
3 exchange places. The term a^yC^ is produced by making 
the suffix 3 change places, first with 2, and next with 1, which 
is then adjacent to it. If this process of interchanging the 
suffixes of two ccnsecutive letters be called a " permutation," 
we may enunciate the following law, which by inspection 
will be seen to hold. 

" Every term derived from the first by an odd number of 
permutations has a negative sign. Every term formed by an 
even number of permutations has a positive sign." 

Thus, it will be observed that the terms ajb^c^; ajb^c^, 
each of which is derived from aj>^c^ by one permutation, 
have negative signs. The terms ajk^c^; aj>^^, each formed 
by two permutations, have positive signs. The term ajb^c^^ 
formed by three permutations, has a negative sign* 

la like laanner, in tlie case of a determinant of four rows, 
i^a^e/?^ have a. positive, sign, such a term as a^jC^d^^ derived 
by two permutations, will have a positive sign, while (^J>jC^d^^ 
derived oj three, has a negative sign. 

8L ThR sfgxt cf 9. dekrmxnani is changed hf inHrchanging 
any tioavccmsecutiive Unes or colum^n 



OHANQB OF sum. 

In the first place, we observe that 

y f = «A - «A = - (Vt - W = - 
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h>K 



=«. 


i 

'1 


c„ c 


8 
8 











<^l> ^8> ^8 



by what has been shewn above, 

The theorem enunciated is thus proved for determinants 
of two and of three rows, and may bj successive inductions 
be extended to any number. 

COK. It hence follows that, if any two lines or columns 
of a determinant be identical, the determinant will vanish. 
For we see, by the theorem, that 







h,. b 




— 




oh 




and therefore = 0. 




9.' Wetefethat 








=B«na, 


'••'■-«».i 




-"-^ zx 




item 
















c„ 


"i, c. 







6—2 
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Hence, if all the terms in any line or column of a determi- 
nant he multiplied hy any given quantity^ the determinant itself 
will be multiplied hy the same quantity. 

10. Dep. From any given determinant, other determin- 
ants may be formed, by omitting an equal number of lines 
and columns of the given determinants. These are termed 
Minors of the given determinant, and are called first, second, 
&c. minors, according as one, two, &c. lines and columns have 
been omitted. Thus 



KK 



h, \ 



are first minors of 



«1. 


«„ 


«. 


h. 


\, 


h 


Cl. 


c«, 


«. 



11. To investigate the relation which must hold among the 
coefficients L, M, N, X, /t, v^ in order that the quadratic 
Junction 

La'+ M)8"+ N7* + 2X^87 + 2/47a + 2i;a)S 

may he the product of two factors of the first degree w 
a, K 7- 

The given expression is identical with 

(ia+ i')3 + AA7) a+ (m +if^ +X7) )3 + (>a+X)S + iV7) 7. 

Now, if the relation between i, Jf, N^ X, /it, v be such 
that, for all values of a, ^, 7, the three linear functions 

La + v^+/j/y, va + Mfi + Tjyy /M + X^ + Ny 

may bear to one another constant ratios {p : q : r, suppose), 
then the given expression will be the procluct of two factors, 
respectively proportional to 

• * 

La-^vfi + fj/y^ pa + qfi + ry. 
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The necessary condition is then that 

p ^ q " r 

for all values of a, /8, 7, and therefore for those which make 
the numerators of any two of the above fractions = 0. That 
is, values of a, )3, 7 exist, which simultaneously satisfy the 
equations 

ia+ v)3+/*7=0, 

ya + if)S + X7 = 0, 

Hence, eliminating a, ^, 7, we get, as the condition that 
the given expression may be the product of two factors, the 
equation ^ 

V, Jf, \ 
II, \, N 



= 0, 



or 



This expression 



L, 


", 


A* 


V, 


M, 


X 


/*, 


\ 


N 



the evanescence of which is the necessary condition that the 
given quadratic function may break up into two factors, is 
termed the Discriminant of that function. 

12. Pascal's Theorem. 

From the analytical result stated in Art. 6 of the present 
chapter, that the value of a determinant is not altered by 
changing its lines into columns and its columns into lines, we 
obtain a proof of Pascal's theorem, which asserts that 

J^ a hexagon he inscribed in a conic, and the pairs of 
opposite sides be produced to intersect, the points of intersection 
lie in the same straight line. 
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Let AFBDCE be the conic ; take ABG as the triangle of 
reference, and let the equation of the conic be 






(1). 



Let flie eqnation otAEhe fi-n^y^ o{ AFhe y^mJS, 
BF ... 7=:?3a, otBD ...a^n^y, 
CD ,.. a^m^iS, o{ CE ...fi^ljx. 

Then, since JD lies in the conic (1), we have X + fjim^+ vn^ = 0, 

E \Z, + /A + im, = 0, 

F XZ3 + /im, + i^ = 0, 



whence 



1, 


m. 


«! 


?.. 


1. 


«. 


h. 


«i„ 


1 



= 0; 



(2) 



is the necessary condition that the six points A^ F^ B, B, 
Gy E may lie in a conic. 

A^ain, if the pairs of opposite sides intersect in points 
lying in a straight line, let toe equation of that straight line 
hepcL + qfi + ry = 0. Then, since 

BF and CE intersect in this line, we have p + ih + ^h = ^> 

GJDmiAF. pm^ + q + vm,^0^ 

AEtmiBB pn^ + qn^ + v=sOf 



whence 



1, 


h, 


h 


"»,> 


1, 


m. 


»»i. 


»».. 


1 



.(3) 



is the condition that these points of intersection may lie in 
the same straight line. But (2) and (3) are identical Hence 
the proposition is proved. 

13. From Pascal's Theorem many interesting conse- 
quences may be deduced. Thus, if the point F coincide with 
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^, D with J?, E with (7, then AF, BD, GE hecorae the 
tangents at A^ B, C respectively, and we obtain the theorem 
enunciated in Ex. 1, Chap. ii. Again, by supposing D to 
coincide with B^ and E with (7, we readily obtain the foUow- 
ing theorem: "If the opposite sides of a quadrilateral, in- 
scribed in a conic, be produced to meet, and likewise the 
pairs of tangents at opposite angles of the quadrilateral, the 
tour points of intersection will lie in the same straight line.'^ 

And, by supposing F to coincide with -4, we obtain a 
geometrical construction, by which, having given five points 
of a conic, we can draw a tangent at any one of them. For, 
since AF then becomes the tangent at ^, we see that, if AE^ 
Z>B be produced to meet in G^ AB, EG in H, and OH in- 
tersect UD in /, then u^/will be the tangent at A. 



EXAMPLES. 



1. Prove that 



a^ by e, d 
by 41, d, c 
€, d, a, h 

dy Cyby cb 

2. If 



= (a + J+« + <i)(a-6 + c-rf) (a-h-e+d) {a+h-C'-d). 



KK 



=A. 






= A^..., proire that 



and that 






= o, 






^.,^..^. 




«.,a.,o. 


S„ B„ B, 


= 


KKK 


C„ G„ C. 




«!' «#» •'a 
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3. If 



5, e 



=J, 






and |*'''''L^', I"'' »' I = ir, 

1 y. « I «. « 



a',b' 



X, y 



■c. 



prove that 






(7, A 
a. A' 



A, B • 
A\B' 



a, 5, c 



(a*+y*+4 



4. Prove that 



5. Prove that 



6. Prove that 



0, 1, 1, 1,... 

1, 0, a+6, a-h-c, 
1, 5+a, 0, 5+c... 
1, e-^ay c+6, ... 



=:a^. 



/I 1 1 \ 



m + n-y+a^ ^y + z-l^ -y + z-l 

— z-^x-my n-\-l-z-hXf -«+«-«! 

— oj+y-w, — os + y-w, Z+m— a?+y 



h-he a a 

a * 6 + c* 6 + c 

a+5 0+6 c 
G * c ' a+6 



2(a + 64c)' 
(6 + c)(c + a)(o + 6)* 
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CHAPTER IV, 

ON THE CONIC REPRESENTED BY THE GENERAL EQUATION 
OF THE SECOND DEGREE. 

!• We may now proceed to the discussion of the gene- 
ral equation of the second degree, which we shall express 
tinder the form, 

This we may write, for shortness, <^ (a, /3, 7) = 0. 

This equation, as we have shewn (Art. 1, Chap. 11.), 
represents a conic section. 

2. To find the point in which a straight line^ dmwn in 
a given direction through a given point of the conic, meets the 
conic again. 

Let/, g, h be the co-ordinates of the given point, a, )8, 7 
those of any other point whatever. Then, for all points of 
the straight line joining these two, the quantities 

a-/, P-g^ y-K 

will bear constant ratios to one another. Let these ratios be 
denoted by j? : j : r, so that we have 

— ^—- — ^ssi «^, suppose. 
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To find where the line again meets the conic, we must 
substitute in the equation of the conic 

f+ps for a, g + qs for )8, h + rs for 7. 

We thus get, arranging the result according to ascending 
powers of «, 

4> (/» 9> A) + 2 {(up + to'gr+ vV)/+ {wp + vq-\-ur)g 
+ (vp + u'q +tor)h]8 + <f> {p, q, r) «* = 0. 

The two roots of this equation, considered as a quadratic 
in «, determine the two points where the line meets the 
conic. 

Now, since (j^ g, h) is, by supposition, a point on the 
conic, it follows that 4^{f, g,n) must be itself = 0. Hence, 
one of the two values of «, given by the above equation, will 
= 0, as ought to be the case, this value corresponding to the 
point fy g, h itself. The value of «, corresponding to the 
other point of intersection, will then be 

^ {up -f w'q + vr)f+ (w'p + t?y + u*r) g + {v'p + u'q 4- wr) h 

Hence, the values of a, /3, 7, may be determined. 

To this value of «, we shall hereafter have occasion to 
refer. 

3. To find the equation of the tangent at a given poinL 

If the two points in which a straight line meets the conic 
be indefinitely close together, the value of «, investigated ia 
Art. 2, must be = 0. This gives 

{up + w*q + vr)f+ {w'p + vj + wV) g + {v*p + u*q + wr) A = 0, 



Hence, since, for every point on the line required, 
p i t ' 
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we get 

(i//+ vig + vK) a + («?'/+ vg + w'A) )8 + (1;/+ m> + wA) 7 

= uP + 1;^ + irA" + 2u'5rA 4- 2i7'A/+ 2m7>^ 

B= 0, since (/, gr, A) is a point on the conic. 

The tangent, therefore, at (/, g^ A) is represented by the 
equation 

(t/+ 1(?'^ + V A) a + (^77+ t?5r + w'A) /S + (1;/+ 1*'^ + toA) 7 = 0. 

Obs. Those who are acquainted with the Differential CSalcu- 
I11B will remark that this equation may be written thus, 

4 To find the condition that a given straight line may 
touch the conic. 

Let the equation of the given straight line be 
Za + w)9 + w7 = 0. 

I^ct (/, g, A) be the co-ordinates of its point of contact ; 
then, comparing this with the equation of the tangent just 
inrestigated, we see that we must have 

ttf+ w'g 4- vh __ ^?y + vg -}- uh _ t;y+ %ig -}- wh 
I "^ m "^ n 

Representing each of these equivalent quantities by — ft, 
we shall have 

uf'^'w'g + v'h+ a = (1), 

tcy+ vg + u'h + mk^O (2), 

v'f+u'g + wh+ n^ = (3). 

Also, since (j^ g, A) is a point on the given line, 

If+mg + nh^O (4). 
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Eliminating /, g, A, h, between (1), (2), (3), (4), we 
obtain 



w, w\ v\ I 


= 0, or 


w y V, w', m 




v\ Uy w, n 




?, m, Tiy 





d'4> d*<t> d'4> 

dc^' dadfi* dac^ 

a <l> d <p d <p 



, I 



m 



= 



d/3da' rf/S" dfidy' 

d^4> d^(f> d^ 

dydd' dydfi' drf' ^ 
If 971, n, 

as the necessary condition that the line (?, m, n) should 
touch the conic <^ (/, g, h) = 0. Expanding the determinant, 
this may be written 

{vio - w'") Z" + {ton - v") m* + {uv - ii?") n" + 2 {vw' - uu') mn 
+ 2 (t£7V — t?i?') wZ + 2 {uv - t(?t£?') Zw = 0. 

5. The coefficients of Z", m", n", 2mn, 2nZ, 27m, in the 
above equation, will be observed to be the several minors of 
the determinant 

M, w\ V 

v\ u\ w 

They will frequently present themselves in subsequent 
investigations, and it will be convenient, therefore, to denote 
each by a single letter. We shall adopt the following 
notation : 

vw — w'" = J7, tt?M — t?" = F, t«i? — «?" = Wy 

v'w'-uu'^U*, w'u'-^vv'^r, u'v'-ww'^W\ 

The condition of tangency investigated in Art. 4 may 
then be written. 
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the same condition, it will be observed, as that which must 
hold, in order that the point (I, m, n) may lie on the conic 

6. lofind the condition that the conic may he a parabola. 

Since every parabola touches the line at infinity, the con- 
dition required will be obtained by writing a, J, c respec-* 
tively in place of ?, tw, n, in the condition of tangency. This 
gives, as the necessary and suflScient relation among the 
coefficients, 

tt, w\ v\ a =0 

w\ V* u\ I 

v\ u\ w, c 

a, i, Cy 

or Ua'' + Vb^+Wc^ + 2U'bc + 2r'ca + 2W'ab^0. 

7. To find the condition that the conic may hreak up 
into two straight lines, real or imaginary. 

For this purpose it is necessary and sufficient that the 
expression <f> (a, ^, 7) should bre&k up into two factors. 
The condition for this has been shewn in Art. 9, Chap. iii. 
to be 



w, w 
to\ V, 



V, u, 



u 

to 



= 



or uvw + 2uv'w' — uu"^ — t?w'* — ww^ = 0, 

8. To find the equation of the polar of a given point. 

If through a given point any straight line be drawn 
cutting a conic in two points, and at each point of section 
a tangent be drawn to the curve, the locus of the intersection 
of these tangents is the polar of the given point. We proceed 
to find the equation of the polar of {f g, A). 

Let J^, ;^i, *! ; ^, 5^0, A, be the co-ordinates of the points 
in which any straight line drawn through {f g, h) meets the 
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conic. Then, since (/, g. A), (/j, g^, *J, (/„ g^, h^ lie in the 
same straight line, we have 

fia^K-gJ^d +y (*j;- *yj + A if,9, -/.yJ =0 (i), 

(see Art 12, Chap. i;). Again, the equations of the tangents 
at (/i» i'l* *i)» (/i» j7«» *i) respectively, are 

/ (tta+ ir'^ + rV) +5^^ (wa + i?^ + W7) +*» (»'a+tt')9+W7) =0, 
Where these intersect, we have 

gK-sh " Ai/«-*Ji fx9t-ft9x ^ 

Combining this with equation (I), we get 

/(tta + ii?')8 + V7) +flf (to'a + t?^ + tt7) + A (t?'a + tt')8 + tt?7) = 0, 

or (w/+t(?> + t?'A) a+ (M?y+ty + m'A))9+ (v/+M> + wA) 7 = 0, 

as a relation which holds at the intersection of the tangents ; 
and which, since it is independent of the values of /j, g^^ h^ ; 
f%^9*yK^ °^^^* ^ ^^ equation of the locus of the point of 
intersection of the tangents drawn at the extremities of any 
chord passing through (/, g^ A), that is, it is the equation of 
the polar of (/, g, A). 

It may also be written, 

rf<^ rf<^ /Z<^ 

It will be remarked that this equation is identical in form 
with that already investigated for the tangent at a point 
{fy 9% ^) of tt® curve. In fact, when the point (^, g^ A) is om 
the curve, the polar and the tangent become identical. 

9. To find the co-ordinates of the pqU of a given $traybt 
line. 

Let the eqnatioA of the given straight line be 
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If {/, ff, h) be the co-ordinates of its pole, we must have, 
iq)pljiDg the equation just investigated for the polar of 

uf+ vig + v'Ti _ tg/ + vg + uh vf-k- ug + toh 
I "^ m n * 

Putting each member of these equations = — Ar^ we get 
«/+ ^'ff + vh + ZA: = 0, 
w'f+ vg + u'h + mk'=0^ 

^'f+ ug-j-wh + nk ^ 0, 
whence 



/ 




ff 




h 


W', V', I 




u', w\ tn 






V, «', m 




to, V, n 




u, v>', I 


u', to, n 




v', u, I 




w, V, m 



These equations, together with 

af+ hg-\^ch^ 2 A, 

determine the co-ordinates of the pole. They may also be 
written 

/ _ 9 _ ^ 



10. To find the equation of the pair of tangents dratmi to 
the conic from a given external points 

Consider the equation 

+ (t^/+ «> + «*) 7}' = o» 
where Jc is an arbitrary constant. 

This, being of the second degree in a, )8, 7, represtenta a 
conic; and n»eets the conic ^ (a, ]3, 7) » in the two points 
ia which that conic meets the line 

{if+wg^-v^a^-{wf-^vg-Vu*h)fi:^iiif+u'g-\-ieh)^^0, 
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and in these points onl j. Hence since two conies in general 
intersect in four points, it follows that in this case the four 
points of intersection coincide two and two, that is, the conies 
touch one another at the two points where thej meet tke 
aboT&4nentioned line, or have double amtad with each other. 

The arbitraiy constant k maj be determined bj making 
the- conic pass through anj assigned point. Suppose now 
that the conic is reqaired to pass through the point (/, ff^ A), 
of which the line of contact is the polar. This gives, for the 
determination of k, the condition 

whence i = «^__. 

Hence the equation 

*(/^, A)* («. A 7) - W+t^'g + v'h) a 

+ (ii?y+ty + u'A)/9 + (t?/+u'y + ii7A)7}* = 0, 

represents the curve of the second degree, passing through 
the point {f, ffy h) and touching the conic ^ (a, )8, 7) = 0, at 
the points where the polar of this point intersects it But 
this curve must evidently be coincident with the two tangents 
drawn from that point to the given conic ^ (a, /9, 7) = 0. 

This equation may be put under another form, also under 
form like that of asymptotes, for the coefficients of a* will be 
found, by actual expansion, to be 

u {uf + vf + toA' + 2ugh + 2vhf+ 2wfff) 

- {uf + wY + v'"A' + 2t? V^'A + 2uv'hf+ 2uto'fg) 
s (uw- to") f + iwu- 1?'*) A' + 2 (W - vw') gh 
■ ^Wg^ + Vh*-2Tgh. 

That of 2)37 « 
u' (t/* + vg* + wV + 2u!gh + 2i?'A/+ 2tD'fy) 

- («?/+ vg + uh) {vf+ v!g + wA) 
« {uu*-v'w')f + (m'*- vw) gh + (wV - vyuT) hf+ (w'w'- vv')fy 
^ - UT- m + W'hf+ V'fg. 
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Similar expressions holding for the coefBcients of /S*, 7^, 
27a, 2a/3, we obtain the equation of the two tangents under 
the form 

[ Wy+F*'-.2Er>AX+(C7*»+ TF^-2 FA/)^+(F5r»+CS^»-.2 W'fg)i' 
-2 (£r/«+ Ugh - W'hf^ V'fg) ffy 
-2 {rg" + Vhf - ITfg •-W'gh)ya 
- 2 (Tr'A»+ TF)g^ - V'gh - IThf )afi^O. 

If the point (/, y, A) be toithin iht conic, these two tan* 
gents will be imaginary. 

11. To find the co-ordinates of the centre. 

Since the two tangents, drawn at the extremities of any 
chord passing through the centre, are parallel to each othef, 
it follows that the polar of the centre is at an infinite distance, 
and may therefore be represented by the equation 

aa + &)8 + c7=0. 

Hence, if a, )8, 7, be the co-ordinates of the Centre, we 
obtain, by asi investigation similar to that of Art. 9, 



t? «+ u'^ + tt?7 + c& = 0, 



(A). 



Hence, 



a 









y 




% 


to', v, a 




u', «', b 




v\ «', c 




tl, to', V 


V, «', b 




w, 1/, 




u, w', a 




to', t>, tt' 


I «', w, e 




v', «, a 




to', V, h 




«',«', to 



or 



iff 



Va + W'b + F'c ~ Wa + FJ + D"'c ~ r'a+ t^'J + IFc 

^ ft 

tttno + 2w't> V — tttt"* — tw'* — loto" * 

These equations determine the centre. 

F. 6 
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12. To find the equation of the asymptotes. 

Writing a, yS, 7, for f g^ A, in the investigation of Art. 
10, and paying regard to equations (A) of Art. 11, the 
asymptotes will be found to be represented by the equation 

^(a, A 7)^ («,.A 7) - {(aa + S/S + 07)'JA:» = 0, 

or ^ (a, jg, 7)^ («, A 7) - (2A)'A:" = 0. 

But, multiplying equations (A) in order by a, /8, % and 
adding, we get 

^(a> A7)+2A.* = 0. 

Hence the asymptotes may be represented by the equa- 
tion 

^(a,A7)-^(a,A7)=0, 

or ^(a, A7)+2A.^ = 0, 

which may be put under the homogeneous form 

(aa + J^+c^)^(a,)8,7)+Ar(aa+ii8 + 07)"«0. 

But, by the final result of Art. 11, it may be seen that 

aa + &i8 + c7 ^ Da'+ W-\-Wc^ -\-2WbC'\-2V'ca-\'2W'ol> 
k uvw + 2uvw' — uu* — vv'* — tow'^ ' 

whence the equation of the asymptotes becomes 

(f7"a"+ TV+ W<i' + 2U'bc + 2V'ca + 2Wab) 4> (a, ^8, 7) 
— [uvw + 2u'vut - tttt'* ^ vv'^ — ww*^) {aoL + i)8 + 07)* = 0. 

This may also be written under the form 



u^ w, V, a 

v\ W , Wj c 

a, J, c, 



^ (a, /S, 7) + 



», 


w', 


v' 


V,; 


V, 


u' 


v; 


«', 


w 



(aa + hl3 + cyy^0. 
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Cob. It appears, from the preceding investigation, that 
if a, )8, 7 he the co-ordinates of the centre of the conic repre- 
sented by the equation 

4> (a? A 7) = «*** +v^ + v)r/ + 2u'Py + 2vyaL + 2wa/5 = 0, 



then ^ (a, ^, cy) = — 



M, W\ V' 






w\ V, u' 


4A» 


v\ u\ w 




w, w\ v', a 




w\ V, u'j b 




v\ u\ w, 




a, S, c, 








13. To Jlnd the condition that the conic may be a rect- 
angular hyperbola. 

If the equations of the asymptotes be 
h, + m^ + 717 = 0, 

the condition of their perpendicularity is 

U + mm! 4- nri — {mn + m*n) cos A — {nT + n'l) cos B 
-(Zm' + rm)co3 (7=0, 

Writing, for shortness, 

Da*+ fi"+ TFc* + 2Z7'Jc + 2F'ca + 2Tr'a6 = 2?, 

we see, by reference to Art. 12, that 

W mm' _ nn' 

Du^Kof^ Bv-K}?'' BwK^ 

Dvi'-Kbc " Dv'-Kca " Dvf-Kab ' 

6-2 
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Henoe the requiied eondition id 

-jr((^ + 2^ + <^-2&cco8ul~2caoos£-2a&oo8C)=0. 

Now fl^ + y + <?~26cco8ul-2caco8^-2aioosC=0 
identicalljy hence the required condition becomes 

u + v + W'-2ucobA^2vcobB'-2u/ cobC=0. 

Cos. It hence appears, that the condition that the 
conic 

described abont the triangle of xefsrenoe, maj be a rectan- 
gular h jperbohi, is 



UC08A+V cos^+ w' cos 0=0; 
Lc must pass throagh die p 

8 

acos^ = i9cos^=7Cos C. 



that is, the conic must pass through die point determined 
bj the equations 



This point (see Art 5, Chap, i.) is the point of inter- 
section of the perpendicukos let fall from each amgEiaaf point 
of the triangle on the opposite side. Hence we obtain the 
following elegant geometrical proposition, that every rectangle 
lor hyperbola described about a given triangle passes through 
the point of intersection of the perpendiculars let faU from 
each angular point of the triangle on the opposite sidsi 

Again, if u\ v', w' be all = 0, the condition is 

u + v+w^Oj 

proving that, if the equation 

represent a rectangular hyperbola, the curve will pass through 
the four points for which 
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In &ther words, {fa ^eetmgular h/perhcia he "eo descfibed 
that each angulair point of a given tricmgh is tke poh, with 
respect to it, of the cm>08ite side, it wm pass through the 
centres of the four circles which touch the three sides of the 
triangle. 

14. To investigate the conditions (hat the general eguation 
of the second degree shall represent a circle. 

The property of the cirele, vj^hleh we shall assume as the 
basis of our investigation, is the following: that if, through 
any point, chords be drawn cutting a circle, the rectangle, 
contained by their segments, is inv^ajiaable. 

Suppose then, that the curve, represented by the equa- 



tion 



cut 



ud^-\-v^-\-vyf-\- 2ufiy + 2vya + 2w*aff = 0, 
BG in b^j Cj, GA in c,, a,, AB in a^, &„ 




then, if this cuire be a circle, 
Ac^.Aa^=Aa,.Ah,,Ba,.Bb,=^M,.Bc„ Gb,. Gc.^a^.Ca^, 
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Let A, K be the respective distances of c,, a, from ABi 
g^ g\ those of a,, \ from AG\ then, multiplying the first of 
the above three equations by sin' -4, we get 

Now A, K are the two values of 7 obtained by putting 
/8 == in the equation of the conic section, bearing in mind 
that, when /8 = 0, , 

This gives, for the determination of 7, the equation 
tt (07 - 2 A)* + t(?aV + 2at;' 7 (2 A - oy) = ; 
whence, by the theory of equations, 

7t, W.4A* . 

tin, ^ — 3 5 —-7 — • 

ttc 4- tt?a — 2v ca 

Sinularly, gg^-^-^--^^. 

Hence, since Ac^ . -4a, = -4a, . -4i,, we obtain 
ttc* + t(?a' — 2i;'ca = va' + t*i' — IvSab. 
Similarly, from the condition 

we find t?a' + wJ* — 2M?'a J = wV + t?c* — 2w' Jc. 

The condition Ch^ . Cfcj = Cfc, . Ca^ 

gives ti>J' + t?c*--2w'Jc = t<c^+t«?a*— 2t?'ca, 

which also follows from the preceding two equations. Hence 
the equations 

wV-\' v<? — 2ulc = MC* + wa* — 2vca = va* + ub* — 2w'ah 

are necessary conditions that the given equation should re- 
present a circle ; and, since they are two in number, they are 
sufficient. 
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15. To determine the intersection of a circle with the 
line at infinity. 

Since, at every point in the line at infinity, 



we shall have 



ft = > 

a 



p- 1 y 

2 IBy + aya 

•y c — • 

Substituting these values in the equation 

uo^ + vff^-\'vx/ + 2ufiy+2vya + 2wafi = 0, 
we get 

(^•■-?-t)*+(^'''- ?-?)'• 

+ (^"'-T-T)«*-»i 

or, multiplying by abc, 

{2u'bc — vc* - wb^ afiy + {2v'ca - wa^ — tu^ hya 

+ {2wab-ub*-va^cal3 = 0, 

which, if the conic be a circle, reduces to 

al3y + hyoL + ca/3 = 0, 

shewing that every circle intersects the line at infinity in the 
same two points as the circle described about the triangle of 
reference ; that is, all circles intersect the line at infinity in 
the same two points. These points are, of course, imaginary. 

From this it follows that every circle may be represented 
in either of the following forms, 

a^7+J7a + cay3 + (Za + my3 + W7) (aa + iyS + cy) =0, 

sin2 J[.a*+sin2J?./8'+sin2 (7.7*+ (^a+/*)8+i/7) (aa+ Jy3+07)=0; 
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16. It may be shewn, by a geometrical investigation 
similar to that m Art. 14, that if /}j, p,, p^ be the semi-diame- 
ters of the conic respectively parallel to the sides of the 
triangle of reference, 

p^ {wV + vc* - 2uhc) = p^ {uc* + wa* - 2vca) 

Hence, if two conies be similar and similarly situated, 
the values of the ratios denoted by 

v)V-\-v(?--2u'hc : %u?-\'W€?-^2vca : vc? •{-vb^'-^w'ab 

must be the same for both. 

Hence^ also, by reasoning similar to that employed in 
Art. 15, It follows that all eontcs, similar and simHarly 
situated to each other, intersect in the same two points in the 
line at infinity » 

These points will be real, coincident, or Imarinary, accord- 
ing SLS the conies are hyperbolas, parabolas, or ellipses. 

If the conies, in addition to beinff similar and similarly 
situated, are also concentric, they will touch one another at 
the two points where they meet ti^e line at infinity. 

17. To find the radical accis of two similar and similarly 
situated conies. 

By multiplying the equation of one of two given conies 
by an arbitrary constant, and adding it to the equation of the 
other given conies, we obtain the general equation of the 
system of conies passing through their four pointe of inter- 
section. By suitably determining the arbitrary constant, we 
may make this equation represent any one of the three pairs 
of straight lines passing through these four points.^ In the 
case, therefore, in which the two conies are similar and 
similarly situated, it must be possible so to determine the 
constant that the left-hand member of the equation may 
break up into two factors, one which equated to zero re- 
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f resents the line at infinitj, and the oliier the Tadical axis, 
[ence, if 

J>of + q^+rr^+ 2p^y + 2qya + 2rafi « 0, 

be the equations of two similar and similarly situated conies, 
it mast be possible to determine the arbitrary nnultipUer k, 
ao that 

[u-^kp) a'+ {v+hq) ff + {w+kr) r/ 

+ 2 {u +kp') l3y + 2 {v' + kg[) ya+ 2 (w' + kr') afi 

f ^ , -Lo . ^fu + kp v + kq r^ ^ w-hkr \ 

ideutically. 

This gives, equating the coefficients of /8y, 7a, nfi 

c I 

2 {u' + kp') = {v + kq) J + {w + kr)^, 

2(f/+kq')={w + kr)^ + {u+kp)^, 

2(^w'+kr')^{u + kp)l+(v-^kq)l; 

, wV + vc^-'2u'bc tu? 4- wc? — 2vca 
rb^ + qc?^ 2p'bc p& + ra* — 2 j W 

ja* + fV — 2rah' 

(The identit^r of these three values of A? is ensured by the 
condition of similarity already investigated.) 

k may also be written 

^ I !i -L !? — ^ — ^ — ^^ 
? + 6"«"*"c» bi m ^ 



a* 6* c he ca ab 
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Hence, the equation of the radical axis becomes 
n b c a h c 



-8 + ji + ^-j^-— ^ a*"^y."^c» ic ca oi 

18. As an example of the application of this formula we 
may take the following theorem. The nine-point circle of a 
triangle {that tJ, the circle which passes through the middle 
points of its sides) touches eaxah of the four circles which Umch 
the three sides of the triangle. 

Suppose that 

is the equation of the radical axis of the inscribed and nine- 
point circles. The equation of the nine-point circle will then 
be (see Chap. II. Art. 10), 

*-2Jc {s — h) {s'-c)fiy'^2ca{S'-c){s'-a) ya. 

- 2aJ («-a) («- i) ay3+ (Xa + W8 + i^) (oa+ JyS + oy) = 0. 

If this represent the nine-point circle, it must be satisfied 
when a = and bfi = cfy. Hence 

(,_J). + (,_c)»-2(»-5)(«-c)+2g + ^)=0, 
be 2 



StaW, ^H-^-fc=^' 



c a 2 

X it _ (g - &)\ 
a^b~ 2 ' 

2\ ^ (c - ay +(a-l)*-{h- c)* 
« . 2 

= {a-b){a-c)', 
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•*. X = J a (a — i) (a — c). 
Similarly ^ = J 6 (J — c) (i — a), 
i/ = Jc (c — a) (c- 6). 

This gives, for the equation of the radical axis, 

Now, to ascertain whether this touches the inscribed circle, 
we have, applying the condition of Chap, li. Art. 9, to in- 
vestigate the value of 

h — c ^Ac—a ^B , a-^h .(7 
cos — — i — cos — 1 cos — « 

which is 0. Hence, the radical axis touches the inscribed 
circle, and therefore the inscribed and nine-point circles touch 
one another. Similarly, it may be proved that the nine-point 
circle touches each of the escribed circles. 

19. The equation of the nine-point circle may be de- 
duced by substituting the above values of \, ft, j;, or (perhaps 
more neatly) by expressing the fact that the curve 

wa*+ v/S'h- t(?7' + 2w /37 + 2t; 7a + 2waP = 

passes through the middle points of the sides of the triangle, 
and combining the equations thus obtained with those inves- 
tigated in Art. 14. The former gives 

v(? + wV + 2tt'Sc = 0, 

wa^ + w^ + 2t>'ca = 0, 

tt&' + t?a* + 2w?'aJ=.0. 

Hence, by Art. 14, 

u'hc = vca = tc'aJ. 
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Supposing w' = — a, we get 

with two similar equations, whence 

u _ y -f c' — g* _ 2 cos ^ 
a"*"" nbc " a ' 

Hence, the nine-point circle is represented hj the equation 

acos-4.a*+&co8 5,/8' + ccos(7.7* — 0^7 — 5ya — caj8 = 0. 

Cor. It hence appears that the nine-point circle passes 
through the points of interBcction of the circumscribed and 
self-conjugate circles, or has a common radical axis with them. 

20. We have investigated, in Art. 10, lie equation rf 
the pair of tangents drawn to the conic from a given point 
(/, g, h). If these two tangents be at right angles to one 
anow^, they may be regarded as the limiting form of a 
rectangular hyperbola, and must therefore satisfy" the equa- 
tion investigated in Art. 13. This, therefore, gives as the 
locus of the intersection of two tangents at right angles to 
one another 

+ 2{UT+ Ugh^rfg^Whf)cosA 

+ 2 {ry+ FA/- W'gh-- ZTfg) cosB 

+ 2 ( Wh^+ Wfg- U'hf- ^ff^) cos a« 0. 

This may be shewn (see Art 15) to represent a cii:cle9 as 
we know ought to be the case. 

This equation may also be expressed in the following 
form 

(af+hg + cli) (^ ^™ -/+ J g 



MAGNITUDEg 0^ THfi AXSA OF THE CONIC. 93 

If the conic be a parabola, then (see Art, 6) this breaks up 
into two factord, one of which is the line «t infinity; and 
the other must represent the directrix, since that is the locus 
of the point of intersection of two tangents to a parabola at 
right anglto to one another. 

The appearance of the line at infinity as a factor in the 
result in tnis case may be explained as follows: Every para- 
bola touches the line at infinity, and this line also satisfies 
the algebraical condition of being perpendiculiu? ta any line 
whatever, since, whatever I, m, n may be, 

a?+6»»+cn*-(&n-f6Wj) cas-4— (c?+<m) cosB— (am+hl) cos Os^O, 
identically. 

' It therefore will form a part of thd loom^ of the intersec- 
tion of two tangents at right angles to one another, the two 
tangents being the line at infimly it&elf^ and any other tan- 
gent whatever. 

The directrix of the parabola is there&re represented by 
the equation 

r+W+2U' cos A W+U+2V'coaB ^ 
a '^ 

. U+r+2W'eoaC 
+ c — y-=0. 

21* To find the magmtaide cf lk^ ax€8 of tite iumkf* 

Let a, /3, 7 be the co-ordinates of the centre; and, for 
shortness' sake, put 

a-a=a, /S-^=y, y-y^z. 

Then if r be the semi-diameter drawn from the centre to 
a, fiy 7, we have (aee Art. 3, Chap, h) 

ctho 
f^^-T^^{acoaA.a? + hco&S.y^ + ccoaO.^ (1). 



94 MODERN GEOMETBY. 

Again, from the equation of the conic, 

= ^(a,^,7) = ^(a + a?, ^+y, 7 + ^) 
== ^ (a> is, 7) + 20? (wa + w'^ + vy) 

+ 2y {w'a + v^+u'y) + 2z {v'a + ufi + ^7) 

Now, hj Art, 11 of the present chapter, 

ua + w'P + v'y _ w'a + v0+ uy v'a + u'^+toy 
a " b " c * 

Also, aaj + Jy + c« = a (a- a) + J 08- J8) + c (7-7) «0... (2); 
or, ttoj" + r^ + t«?a' + 2uyz + 2t;'«aj + 2t£?'ay 



w, t(;', t;' 








(2A)- 


w, w\ v\ a 




w\ v, t^', 6 




t?', w', t(?, c 




a, ft, c. 








.(3). 



(See Art. 12, Cor.) 

Now the semi-axes are the greatest and least valaes of 
the semi-diameter. We have then to make 



4A' 



-T-r* = acos-4.a:* + Jcos5.v*+ccos (7.«*. 

oho ^ 



.(4) 



a maximum or minimum, a;, y, z being connected bj the rela- 
tions (2) and (3), 

Multiply (2) by the indeterminate multiplier 2/a, (4) by 
X, adding them to (3), diflferentiating, and equating to zero 
the coefficients 6f each differential, we get 



AREA OP THE CONIC. 
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w'x+ vy + w'« + \J cos . 
v*x +u*y + wz + Xc cos 



B.y-¥fib = I 

G.Z+fJLC=^0 J 



Multiplying these equations in order hj a, y, «, an^.add- 
^gi we get 



+ \-L-=0. 



W, t(?', t?' 




M?', V, U' 




v\ u, w 




Uy w yVf a 


w\ V, m', h 


v\ u\ w^ c 


a, J, c, 


o| 



o&c 



Substituting this value of X in equations (5), and elimi- 
nating Xy y, z from the equations combined with (2), we 

obtain the following quadratic for the determination of -^ : 



fas cos A \ 



-to, 



-v>, 



-Vi 



/D8 COS jB \ 

(-1^ — V' 



-V, 



— «l 






/C8 C08 G \ 



= 0, 



where t is written for 





U, V)\ v' 




ale 








tt, w\ v , a 




t(?', v, u\ b 




v\ u\ w^ c 


1 


a, J, c, 


o| 



This equation determines the semi-axes. 
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22. To find Ae area of the oonid* 



1 - 



In the above equation, the coefficient of j;;. u 
- oJci' (a COB J? cos (7+ > COB (7 eo8 -4 +ocO0^ cOftjB), 
which IB equal to 

^^^^(sin JcoBJScos C+AnBcoa CcosA 

2A ^ 



2A 



+ sin GcosAcobB) 
sin^sin^sin (7 = — 4A*. if. 



The term independent of r* is 

u, u)\ V, a 

v\ u\ Wf c 

a, i, c, 



Hence the product of the two values of r* is 





4AV 




u, 




a 


^'. 


V, u', 


h 


v. 


«', 10, 


e 


a, 


h, c, 






The area of the conic is, therefore, 



27rAaic 






t;', tt', «?, — c 
^, J, c, 



EXAMPLES. 97 

From the above investigation may be obtained the crite- 
rion which determines whether the conic be an ellipse or 
hyperbola. For, in the hyperbola, the two values of r' have 
opposite signs, hence the curve will be an ellipse or hyper- 
bola according as 

w, w\ v\ a 

v\ u\ to, c 
a, b, c, 

is negative or positive ; or according as 

. Ua^+ rb^+ Wc* + 2irbc + 2rca+1iW'ab 

is positive or negative. 



Examples. 

1. Each angular point of a triangle is joined with each of 
two given points ; prove that the six points of intersection of the 
joining lines with the opposite sides of the triangle lie in a conic. 

2. A conic is described, touching three given straight lines 
and passing through a given point; prove that the locus of its 
centre is a conic. 

Express, in geometrical language, the position of the given 
point relatively to the straight lines, in order that the locus of 
the centre may be a circle. 

Also find the locus of the given point, in order that the locus of 
the centre may be a rectangular hyperbola. 

3. Four circles are described, so that each of the four tri- 
angles, formed by each three of four given sti-aight lines, is self- 
conjugate with respect to one of them ; prove that the four circles 
have a common radical axis. ' 

4. If -4, JB, (7, A\ S, C" be six points, such that the straight 
lines BC^ CA\ Ji!B are the several polars of the points -4, -5, (7, 
with respect to a given conic, prove that 

F. 7 
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The three straight lines Ai', BB^ GCf^ intersect in a point ; 
and that 

The points of intersection of -BC with B(y, GA with G'A'^ AB 
with A'B\ lie in a straight lina 

5. If two triangles circumscribe a conic^ their angular points 
lie in another conic. 

6. The equation of a conic circumscribing the triangle of 
reference, and having its semi-diameters parallel to the sides equal 
to ^j, r^y 7*3 respectively, is 



7. A conic always touches the sides of a given triangle; 
prove that, if the sum of the squares on its axes be given, the 
locus of its centre is a circle, the centre of which is the point of 
intersection of the perpendiculars let fjedl from the angular points 
of the triangle on the opposite sides. 

8. If be the angle between the asymptotes of the conic, 
represented by the general equation of the second degree, prove 
that 



0, sin^, sin^, sin (7 
siuii, u 



w, 



sin^, v)\ Vy w' 
sin (7, v\ u\ V) 



- (w + 1? + tt7- 2w'cos A - 2t?'cos B 
-2M?cosC)'tan"tf = 0. 



9. The two circular points at infinity may be i-epresented by 
the equations, 

- a = )8€->^C' = yc^^^ 



CHAPTER V. 



TEIANGULAR CO-ORDINATES. 



1. We shall now give a concise account of a system of 
co-ordinates which differs from that which has been the 
subject of the preceding chapters in assigning a slightly 
different interpretation to the co-ordinates. In the system 
which we are about to explain, the position of a point P is 
considered as determined by the ratios of the areas of the trt- 
angles PBO, PC A, PAB, to the triangle of reference ABG. 
If these quantities be denoted by the letters x, y, z^ they will 
be connected by the identical relation 

a? + y + ^ = l. 

2. In this method, as in that of trilinear co-ordinates, an 
equation of the first degree represents a straight line, and 
one of the second degree a conic. 

Again, since x \ aa :: y : hfi :: ^ : 07, it follows that if 
the same straight line be represented in the two systems by 
the equations 

la + myS -h ny = 0, 

Vx-\'m'y'{-r)!z-=^0\ 

.". liVa :: m : m'h :: n : nc. 

Hence we may pass from any relation among the coeflS- 
cients in the trilinear system to that in the present one, by 
writing 7a, mb^ nCj for' Z, wi, n, respectively. Similarly, in 
conies, we may pass from any such formula to the correspond- 
ing one, by writmg 

wa*, vJ", w<?y u'hc, vca, w'ah, for u, v, w, w', t?', w\ 

7—2 
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And, since Z7= vw — m'*, 

we must write for Z7, IV U^ and similarly for F and W^ 
cVF, aVW. 

Also, since U' = v w — W, 

we must write for Z7', a^bcU\ and similarly for F' and W% 
VcaV'.c^abW. 

Hence we obtain the following synopsis of formulas : 

The straight lines drawn through the angular points of a 
triangle, bisecting the opposite sides, are represented by 

y^z = 0, «— a; = 0, aj — ys=0. 
The internal bisectors of the angles, by 

?-?=o, ?-?=0, ^-?-0. 
c c a ' a 6 

The perpendiculars, by 

y cot jB- « cot C — Oj z cot C—x cot-4 = 0, 

arcot-4 — ycot5«0. 

The distance between two points, by 

or by 



? 



The condition of parallelism of the straight lines 
lx + mtf + nz=^0, Z'aj + wi'y + n'« = 0, is 
= 0, 



1, 


I, 


I' 


1, 


«l, 


m' 


1, 


«, 


f 

n 



or win'— w'n + nZ'— w7 + ^'— Z'm«0« 
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The condition of perpendicularity, 
2ZZ V + 2mm'5' + 2wnV - (m»' + mn) {V + d'-a*) 

-(Zm'+rm)(a» + 5»-c»)=0, 

or {{I - m) {V - n') + (Z - n) (Z' - m')} a» 

+ {(m-n) (m'- +(m-?) (m'- n')} &* 

+ { (w - Z) (n' - m') + (w - m) (w' - Z } ^ = 0- 

The perpendicular distance from the point (a?, y, «) to the 
line ia? + rny 4-n«=0) is 

(fe + my+ng)2A 

The line at infinity will be represented by a? + y + « = 0. 

3. Again^ in conies we have the following formulae : 
The conic will be a parabola, if 

W, W\ Vy 1 =0, 

w'y v, u, 1 
v\ u\ Wy 1 
1, 1, 1, 

or if U+V+W+2 U'+ 2 7'+ 2 TF'= 0. 

A rectangular hyperbola, if 

or (w + tt' - 1?' - w') a" + (v + 1?' - i^>' - tt ) J' 

A circle, if 

t> + w — 2i*' ?(? + w — 2t?' tt 4- V — 2^' 
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The centre is given by 





X 


«»', 


v', 1 


V, 


«'. 1 


< 


to, 1 





y 




«', 


< 


1 


«7, 


v'. 


1 


v'. 


«, 


1 





z 




v'. 


«'. 


1 


'«« 


«', 


1 


tr', 


«, 


1 



or- 



X 



The equation of the asymptotes is 



tt, w', V, 1 

w, V, u, 1 

V, u\ w, 1 

1, 1, 1, 



^ (»> y, «) + 






(a;4-y + «)' = 0. 



The radical axis of two circles 

U3? 4- tj;y* -f v)i^ 4- ^uyz + ^v'zx + 2w7'ay = 0, 
poj* + jy* -f t>2^ + 2p'y2 -f Sj'^sa? + "ivxy = 0, 
is represented by the equation 



ux->rvy-\-v)z 



px + qy-\-rz 



The circular points at infinity by 

a o c 



Other formulae may be adapted in a similar manner. 
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RECIPROCAL POLARS. 



1. The theory of Reciprocal Polars, which will be 
treated of in this chapter, discusses the relations which 
exist between systems of points and straight lines which are 
the poles and polars of each other with regard to any conic ; 
and shews how from the properties of a curve, regarded as 
the locus of a moving point, may be deduced those of another 
curve which is always touched by the polar of this moving 
point with regard to a fixed conic. The theory is especially 
valuable when the conic, with respect to which the poles and 
polars are taken, is a circle. 

2. The polar of the point o'f intersection of two given 
straight lines is the straight line which joins the poles 
of those straight lines. This will readily be seen to follow 
geometrically from the definitions of a ^pole and polar ; or it 
may be analytically proved thus. 

Let the two straight lines be represented by the equations 

Z,a + m,/3 + n,7 = (1), 

Z,a + m^ + n,7 = (2). 

At their point of intersection, we have 

« ^ /3 ^ 7 
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The polar of this -with respect to 

to which form every conic maj, by suitable choice of the 
triangle of reference, be reduced, is represented by the equation 

(w,n,- m,nj La + {nj,^ - nj,^ Mfi + {l^m^ - Ijn^ N^i^O... (3). 

But the poles of (1) and (2) with respect to the same 
conic are given by 

La_MP__N^ 



k' 


m. 


"i 


La. 




_Ny 



Both these points lie on the line (3). Hence the propo- 
sition is proved. 

3. If a point move in any manner whatever, its polar 
will move in a manner dependent upon the motion oi the 
point, and the curve which the polar always touches (its 
envehpCy as it is called) will have certain definite relations to 
the path traced out by the point. The locus of the moving 
point and the envelope of its polar, are called the jpolar 
reciprocals of one another. The use of the word reciprocal 
arises from the fact, which we proceed to demonstrate, that 
the locus of the point may be generated from the envelope 
of its polar, in the same manner as the latter curve was 
generated from the former. For shortness' sake we shall 
denote the two curves by the letters L and E. 

Let P, P be any two points on i, the pole Q of the 
chord PF will be the point of intersection of the correspond- 
ing tangents to E (that is, of the two tangents to E which 
are the polars of P, P with respect to the conic). Now let P 
move along L up to P, then PP ultimately becomes the. tan- 
gent to i at P; moreover the polars of P and P approach 
indefinitely near to coincidence, and their point of intersection 
Q will ultimately be a point on E. But Q is the pole of PP\ 
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hence the polar of any point on E is a tangent to L. That 
is, if a point move alojag E^ its polar will envelope L. In 
other words, L may b^^nerated from Ey as E was from L. 
In this consists the recip^ity of the curves. 

The process of generating E from i, or L from E^ is 
called reciprocating L or E. 

4. K the curve L be cut by anv straight line whatever, 
the polars of the several points of intersection will be the 
several tangents to E^ drawn through the pole of the cutting 
line. And conversely, the several tangents drawn to L from 
any point will have tor their poles the several points in which 
E is intersected by the polar of that point. 

If any two curves be reciprocated, the polar of any point 
common to both will be a common tangent to the reciprocal 
curves, and the pole of any tangent common to both will be 
a point of intersection of the reciprocal curves. Hence any 
two curves will have as many points of intersection as their 
reciprocals have common tangents, and as many common 
tangents as their reciprocals have points of intersection. 

If the curves touch one another, then two of their points 
of intersection coincide; and consequently the two corre- 
sponding tangents to the reciprocal curves will coincide, 
and therefore the reciprocal curves will also touch one an- 
other. 

5. From what has been said above, it will be seen 
that the total number of tangents, real or imaginary, which 
can be drawn to E or L from any point (not on the curve 
itself) is ecjual to the total number of points, real or imagi- 
nary, in which i or ^ is cut by any straight line, not a tan- 
gent to it 

A curve, to which n tangents can be drawn through the 
same point, is said to be of the n*^ classj and we may therefore 
express the above proposition by saying that the degree of a 
curve is the same as tne class of its reciprocal, and the class 
of a curve the same as the degree of its reciprocaJ. 
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6. The number of tangents, real or imaginary, which 
can be drawn to a conic from a given point is known to be 
two. Hence, the reciprocal of a conic is intersected by a 
given straight line in two points, real or imaginary, and is 
therefore of the second degree, that is, it is itself a conic. 

7. This proposition may also be proved analytically as 
follows. 

Def. The conic with respect to which the poles and 
polars are taken is called the auxiliary conic. 

We have seen (Art. 15, Chap, ii.) that any two conies 
may be expressed by equations involving the squares of the 
variables only. Let then the auxiliary conic be denoted by 

ia" + if/8« + JV7« = (1), 

and the conic to be reciprocated by 

Za'+wiy3*+ny = (2). 

If (/, gy K) be any point on the required curve, its polar 
with respect to (1) will be given by the equation 

LJu + Mffff + Nhy^O. 

In order that this may touch (2) we must have (see Art 
16, Chap. II.) 

?/" + —/ -f — A^^O (3). 

(3), regarding j^ 5^> A as current co-ordinates, is therefore the 
reciprocal of (2) with respect to (1). 

Cor. It hence appears that the three points which form 
a conjugate triad for two given conies, will also form a con- 
jugate triad for the reciprocal of one with respect to the 
other. 

8. To find the polar reciprocal of the conic 

ua?-\-v^-\-vy/ + 2u'fiy-\' 2vya + 2w'afi=^0 

with respect to 

a' + /9* + 7^ = 0. 



POLAR RECIPROCAL OF A CONIC. 
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[The conic, a' + i8' + 7' = 0, is imaginary, but the analy- 
tical process of finding the pole of a given straight line, or 
the polar of a given point, may be equally well performed, 
whether the auxiliary copic be imaginary or real, provided 
its coefficients be real.] 

Let /, g^ h be any point on the required locus, its pole 
with respect to the auxiliary conic is 

and in order that this may touch the given conic, we must 
have (Art. 4, Chap. IV.) 



0,f> SI, h 



= 0, 



h, v\ v!, w 

or, [vw - O/" + [wu - v'^) g^ + {uv - w'^) A' 

+ 2 {vw'-uu) gh + 2 {w'u-vv') hf+ 2 {uv- u)w)fg = 0, 

which, adopting the notation of Chap, iv., may be written 

Zy« + F/+TFA^+2Cr>A + 2F'A/+2Tr;& = 0. 

This is therefore the required equation. 

It may be proved, in a similar manner, that if 

<^(a,i8,7)=0, f(a,)8,7) = 

be the equaiions of any two conies, the equation of the reci- 
procal of the first with respect to the second is 

= 0. 






d^lr 


df 


d^lr 


^t 


da' 


dfi' 


dy 


d-^ 


d'if, 


d'<l> 


d'<f> 


da' 


da" 


dadfi' 


dady 


d^jr 


d'if) 


d'<l> 


d'if, 


d^' 


dfida' 


d^' 


d^dr/ 


dyfr 


d'<f> 


d*<f> 


d'if, 



dy' dryda' dyd^' drf 
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9. Since the tangents at the extremity of any diame- 
ter of a conic are parallel to one another, it follows that 
the polar of the centre is at an infinite distance, and con- 
versely, that the line at infinity reciprocates into the centre 
of the auxiliary conic. Hence it follows tliat parallel lines 
reciprocate into points lying on a straight line passing through 
the centre of the auxiliary conic ; and that the asymptotes 
of any curve, being the tangents drawn to it at the points 
where it meets the line at infinity, reciprocate into the points 
of contact of the tangents drawn to the reciprocal curve from 
the centre of the auxiliary conic. 

Since the asymptotes of an hyperbola are real, while those 
of an ellipse are imaginary, it follows that the tangents, drawn 
from the centre of the auxiliary conic (supposed real) to the 
reciprocal curve, will be real or imaginary, according as the 
original curve is an hyperbola or an ellipse. If it be a para- 
bola, the reciprocal curve will pass through the centre of the 
conic, which is in accordance with what has already been 
8tq,ted, that every parabola touches the line at infinity. Con- 
versely, if one conic be reciprocated with respect to another, 
the reciprocal curve will be an ellipse, parabola, or hyperbola, 
according as the centre of the auxiliary conic lies within, 
upon, or without, the original conic. 

10. We have now sufficient materials for transforming 
any descriptive proposition, that is any proposition relating to 
the position of lines and points, without reference to consi- 
derations of magnitude, into another. Before proceeding ftir- 
ther, we will give a few examples of this process. 

We will first take the following proposition. " If two of 
the angular points of a triangle move each along a fixed 
straight line, and each side pass through a fixed point, the 
three points lying in the same straight hne, the third angular 
point will move along a straight line, passing through the 
intersection of the straight lines along which the other angu* 
lar points move." 

The reciprocals of the three sides of the given triangle 
will be three points, which may be considered as the angles of 
a triangle, which may be called the reciprocal triangle. Those 
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of the angular points of the first triangle will be the sides of 
the reciprocal. Those of the fixed straight lines, along which 
two of the angular points of the first triangle move, will be 
fixed points through which two of the sides of the reciprocal 
triangle pass. Those of the three points, lying in the same 
straight line, through which the sides of the ^ven triangle 
always pass, will be three straight lines, intersecting in a point, 
along which the angular points of the reciprocal triangle 
always move. Hence the data of the reciprocal proposition 
will be " Two of the sides of a triangle pass each through a 
fixed point, and each angular point moves along a fixed 
straight line, the three straight lines passing through the 
same point." In the given theorem, the thing to be proved 
relates to the motion of the third angular point. To this 
will correspond the third side of the reciprocal triangle. To 
the straight line, passing through the intersection of the 
two given straight lines, along which the third angular point 
may be shewn to move, corresponds a point lying in the 
same straight line with the two given points, and through 
this the third side will always pass. Hence, under the cir- 
cumstances stated above as data of the reciprocal theorem, 
" the third side will pass through a fixed point lying in the 
straight line joining the two fixed points, through which the 
first sides pass*." 

* The given theorem may be expressed, by the aid of letters, as follows : 

Let PQR be the giyen triangle, and let its angular point Q move along 
a fixed straight line OX, its angular point It along a fixed straight line OY. 
Also, let the straight line QR always pass through a fixed point F, RP 
throug^h a fixed point (?, PQ, through a fixed point H, the three points F, G, H 
lying in the same straight line. Then the given theorem tells us that the 
point P will always move along a fixed straight line, passing through 0. 

Now let the whole figure be reciprocated with respect to any conic section. 
liOt the line which is the polar of any point be denoted by accenting the 
same iinglt letter by which the point is denoted in the original figure ; the polar 
of P, for example, being denoted by P'. Then the point of intersection of the 
lines P\ Q' wiU be denoted by the ttoo letters P' Q', and this will be the pole 
of the Une PQ, We have then a triangle of which the sides are P\ Q', i^, 
the side Qf alwa3rs passing through a fixed point O'X', the side JR^ through a 
fixed point (XY^ Also the an^dar point Q'F' always moves along a fixed 
Btraight line F', the point F^P* along a fixed straight line 0\ &e point 
P^Q^ along a fixed straight line M', the three straight Unes F% &, H' passing 
through the same point. Then the reciprocal theorem is that the side P" 'vviU 
always pass through a fi±ed point lying in the line Q^, 

The student will find the above mode of transformation, in which a 
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Again, turn to Example* 4, on page 57, and let ns inves« 
tigate the reciprocal theorem. The three conies toaching 
respectivelj each pair of the sides of a triangle at the anga- 
lar points where they meet the third side, will reciprocate 
into " three conies passing respectively through each pair of 
the angular points of a triangle, and touching the lines joining 
them with the third angular point," that is, the sides of the 
triangle themselves. This condition, therefore, reciprocates 
into itself. The condition "all intersecting in a point" 
reciprocates into " all touching a straight line." Hence the 
data are, "Three conies are drawn, touching respectively 
each pair of the angular points of the sides of a triangle at 
the points where they meet the third side, and all touching 
a straight line." 

In the matter to be proved, we may first enquire what are 
the reciprocals of "the sides of the triangle which intersect" 
(that is, which do not touch) "their respective conies." These 
will be " the angular points of the triangle not lying on their 
respective conies." The three tangents at their conimon 
point will reciprocate into "the three points of contact of 
their common tangents." And the meeting of the tangents 
with the sides will reciprocate into the lines joining the 
points of contact with trie angular points. Hence the first 
thing to be proved is, " That the three straight lines joining 
the points of contact of the common tangent with the angu- 
lar points of the triangle not lying on the respective conies 
all pass through a point." 

Again, "the other common tangents to each pair of 
conies" reciprocate into "the other points of intersection of 
each pair of conies," and " the sides of the triangle which 
touch the several pairs of conies" into the angular points of 
the triangle " common to the several pairs of conies.' Hence 
the latter part of the theorem will run : " And that the same 
three straight lines respectively join the other point of inter- 
section of each pair of conies with the angular point of the 
triangle common to each pair." 

straight line is denoted by a single letter, and a point by the pair of letters 
representing any two straight lines nvhich intersect in it, a useful mode of 
familiarizing himself with the methodof reciprocal polars. 
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11. After a little practice, the process of reciprocating 
a given theorem will be found to consist simply in writing 
" straight line" for "point," "join" for "intersect," "locus" 



for "envelope," &c., and vice versd, 
•will of course remain unaltered. 



The word "conic' 



12. Brianchon'a Theorem, 

By reciprocating Pascal's Theorem (given in Art. 12, 
Chap. III.), we obtain Brianchon's Theorem, which asserts 
that 

"If a hexagon be described about a conic section, the 
tliree diagonals will intersect in a point*." 

* It may be weU to append an independent proof of this important theorem. 

Take three sides of the hexagon as lines of reference^ and let the equations 
of the other three be 

a+TOi/5+nj7=0, l^a+p+n/y^O, ^a+«ia^+7=0. 

liCt the equation of the conic be 

(Xo)* + (lf/3)* + (iV7)* = 0. 
The conditions of tangency are 

X+— +- = 0, 
mi Wj 



whence 



1 
I.' 



1 



3L i. 1 



=0. 



The line passing through the intersections of /3=0 with {l^ »ia, I) and of 
*y=0 with {Ig, 1, »j) is represented by the equation 

Similarly, the other two diagonals are represented by 
« + £ + 7=0; ^ 
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The student will find it useful to transform, bj the 
method of reciprocal polars, the special cases of Pascal's 
Theorem, given in Art. 13, Chap, iii.; and to obtain a geo- 
metrical construction by which when five tangents to a conic 



OjCi 



are given, their points of contact may be found. 

13« The anharmonic ratio of the pencil formed by four 
intersecting straight lines is the same as that of the range 
formed by their poles. This may be proved as follows. 

Let OP, OQ, ORy 08 be the four straight lines, P', Qf, 
Sy 8' their poles, which will lie in a straight line, the polar 




Fig. i8. 

of 0\ let P, ^, JS, iS' be the points in which the pencil is 
cut by the transversal FQE8*.' 

Let this transversal cut the conic in ^, K^. . Bisect 

1 1 



wheDce, if these intenect in 
a point, 



1 1 1 



.0; 



tb« wune condition as that already invastigated. 
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JSTjjE^ in F. Then, since PJTj i^iT^ is divided harmonically 
in P, K^, P', jK, (Art. 21, Chap, ii.), it follows that 

ivhence 

{yp^ VK^ (Fs;+ VP) = {VP^ vk^ {yk^ - vf\ 

which since VK^ VK^y reduces to 

vp.vp'^vk;, 

which, hj similar reasoning, 

= F(2. 7(7 = FiZ. Fi?= F/Sf. FSr. 

Hence the eight points P, Q, JB, /8f, P, Q', JB*, yS' are in an 
involution, of which K^, K^ are the foci, and therefore 
(Art. 27j Chap. I.) 

{O.PQR8]^[PgB:8^. 

14. In Art. 13, Chap. i. we saw that the condition that 
the three points (?j, w^, n^), (?j, m,, Wj), (Zj, Wg, n^ shall lie 
in the same straight line is identical with the condition that 
the three straight lines (?i, Wj,Wj) (Zj, w^, w,), (?s, w,, n,) 
shall intersect in the same point. Now these several points 
and lines are respectively, the poles and polars of each other, 
with respect to the imaginary conic 

Thus the theory of reciprocal polars explains the fact 
that the condition for three points Iving in a straight line 
is identical with that for three straight lines intersecting in 
a point. It also explains the identity of conditions noticed 
iu Chap. II. Arts. 7 and 9. 

For the reciprocal of the conic 

XV 4-/^'/8" + i^y- 2/^1/^87 -2i;A7a-r2X/iAa)8==0 (1), 

with respect to, . . 

a' + ZS'+Z^O, 

will be found to be 

Xfiy + fiyd + pxff^Q (2). 

F. 8 
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And the polar of (/, g^ h) isfa-\-g0 + 7*y = 0. 

Hence if the line fa+gff-{-hy = touch (I), the point 
(/> 9i ^) 1^®^ ^ (2)> giving for the condition of tangency 

And if the line ,f^ + fffi + hy = touch (2), the point 
(/, g, h) lies in (2), giving for the condition of tangency in 
that case 

These conditions of tangency are identical with those 
already investigated. ' 

Again, every parabola touches the line at ini&nity. Now 
the co-ordinates of the pole of this line are proportional to 
a, J, c. Hence, if the conic, represented by the general 
equation of the second degree, . be a parabola, the point 
(a, &, c) must lie in the reciprocal conic. This gives, as the 
condition for a parabola, 

Z7a«+FJ"4-Trc*+2trftc + 2F'ca + 2PF'a5 = 0, 

the same as that already investigated* 

15. Prop. Any straight line drawn through a given 
point A is divided harmonically hy any conic section^ and the 
polar of A with respect to it* 

This proposition may be proved as follows. Let the 
straight line cut the curve in P and Q, and the polar of -4 in 
B. Let G be the polar of the straight line, and let AJBC be 
the triangle of reference. The conic will be self-conjugate 
with respect to AJBC, and will therefore be represented by 
the equation 

Hence the lines GP, GQ^ which are tangents to the conic, axe 
represented by the equation 

and therefore form an harmonic pencil with CA^ CB. 
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16* The straight line CB may be regarded as the polar 
of A with respect to the locus made up of the two straight 
lines CPy CQ. For the values of )8 and 7 at -4 being O, Oy 
and the equation of CP, CQ being %m? + 1;^ =« 0, we get for 
the equation oif its polar, at=0, that is, the polar is the 
line AB. 



0, 


ua, 


t,/3 


««, 


0, 


1 


vP, 


1, 






17. If four straight lines form an harmonic pencil, either 
pair will be its own polar reciprocal with respect to the other. 
For, adapting the equation of Art. 8, to the case of two 
variables only, we get for the polar reciprocal of afi « 0, with 
respect to wa* + v^ = 0, the following equation. 



-0, 



or uvafi^O. 

And, conversely, for that of wa* + v/S" = with respect 
to 0)9 = 0, 



= 0, 



or ua? + vl? — 0, in either case reproducing the reciprocated 
curve. Hence the proposition is proved. 

18. We may hence deduce the condition that two pairs 
of straight lines may form an harmonic pencil. First let 
them aU intersect m -4, and the equations of the two 
pairs be 

uo? + vfil' + 2u/afi^0 (1), 

poi»+j/8' + 2va/S=*0 (2). 

The polar reciprocal of (1) with respect to (2) is 

0, pa + r% r'a + qfi 
poL + r% Uy 
r'a + qfi, V)\ 



0, 


i8, 


a 


A 


«, 





«> 


0, 


V 



to 



8—2 
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or w(r'a + j)8)» + v(pa+t?')9)»-2u;'(/a + 5r/8) (ya+r'/9) = 0. 
Suppose that 

identically, ie. that 

At the point of intewection of the line a + Jki)3 = 0, with 
7 =; 0, we have 

«=-^, 7 = 0, 

Taking the polar of thii? with respect to the cunre (2) 
we get 

If this be identical with ql + hfi = 0, w^ get 

or jpA;i%a-^t;'<A:j + A;,) + j= 0; 
/. pv — 2r*w + jw == 0, 
the required condition. 

The symmetry of this equation shews that (2) Is also its 
own polar reciprocal with respect to (1), as ought to be the 
case. 

19. If the point of intersection of the four straight lines 
do not coincide with one of the angular points of the triangle 
of refetience, we have then only to express the condition that 
th|B rwge fprmecj by their intersection with any one of its 
sides, 7 = 0, for instance, be an harmonic range. If this be 
the case, the pencil formed by joining these four points 
with G will be an harmonic pencil, and, we shall have, as 
before, 

j^ty — 2r V -t ju = 0. 
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20. We next proceed to consider the results to "be de- 
duced from the theory^ of reciprocal polars, when the auxiliarjr 
conic is a circle. It is here that the utility of the theory is 
most apparent, as we are thus enubted to transform metrical 
theorems, i.e. theorems relating' to the magnitudes of lines 
and angles. 

We know that, if PQ be the polar of a point T with 
respect to a circle, of which the centre is 8 and radius hy 
then STYiMH be perpendicular to FQ. Let iS^cut PQ in F. 
Then 

Hence the pole of any line is at a distance from the centre 
of the aiixiliary circle inversely proportional to the distance of 
the line. And conversely, the polar of any point is at a dis- 
tance from the centre of the auodliarif circle^ inversely proper^ 
ttonal to the distance of the point itself 

21. If TX^ TY be any two indefinite straight Knes, 
P, Q their poles, then, since SP is perpendicular to TXy 8Q 
to TY, it follows that the angle P8Q is equal to the angle 
XTY or its supplement, as the case may be^ Hence, th^e 
angle included between any two straight lines is equal to- the 
angle suhtended at the centre of the auxiliary circle by the 
straight line joining their poles, or to ^ supplement. 

22. From what has been said in Art. 15, and the earlier 
articles of this chapter, it will appear that to find the polar 
reciprocal of a given curve with respect to a circle, we may 
proceed by either of the following two methods. 

First, Draw a tangent to the curve, and from 8, the 
centre of the auxiliary circle, draw 8Y perpendicular to the 
tangent, and on SY, produced if necessary, take a point Q^ 
such that 8Q . 8Y= ¥. The locus of Q wiU be tiie required 
polar reciprocal. 

8econdly, Take a point P on the curve, and join 8P; on 
SPj produced if necessary, take a point Z, such that 

8P.8Z^Jt?. 
Through Z draw a straight line perpendicular to 8P. The 
envelope of this line will be the required polar reciprocal. 
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23. It will be observed that the magnitude of the radius 
of the auxiliary circle aifects the absolute, but not the relative, 
magnitudes or positions of the various lines in the reciprocal 
figure. As our theorems are, for the most part» independent 
of absolute magnitude, we may ^nerally drop all considera- 
tion of the radius of the auxiliary circle, and consider its 
centre only. We may then speak of reciprocating " with re- 
spect to iSi ' instead of '* with respect to a circle of which S is 
the centre." S may be called the centre of reciprocation^ h the 
constant of reciprocation. 

24. As an example of the power of this method we will 
reciprocate the foUowmg theorem, " The three perpendiculars 
from the angular points of a triangle intersect in a point** 

This may be expressed as follows : " If 0, -4, -B, C^ be 
four points, such that QB is perpendicular to CA^ and OC to 
AB, then will OA be perpenoicular to -BC." 

Reciprocate this with respect to any point Sy and the four 
points O, Ay B, G give four straight lines, which we may call 
each by three letters abcy ab'c\ a'hc'y aVcy respectively. Then, 
the fact that OB is perpendicular to GA is expressed by h and 
V subtending a right angle at Sy or by hSV being a right 
angle. Again, the fact that OG \b perpendicular to ABy 
shews that c8£ is a right angle. Then the reciprocal theorem 
tells us tha4: aS^ is also a right angle. We may express this 
more neatly as follows: aciy bV, o(?y are the diagonals of the 
complete quadrilateral formed by the four straight lines, hence 
it appears that at any point at which two of the diagonals of 
a complete quadrilateral subtend a right angle, the third 
diagonal also subtends a right angle. Or, in other words, 
The three circlesy described ^n the diagonals of a complete quad- 
rilateral as diameters y have a common radical axis. 

The extremities of this axis may be conveniently called 
the foci of the quadrilateral.* 

25. If the system formed by the four pointgi 0, Ay By C 
be reciprocated with respect to any one oi them^ for in- 
stance, the triangle thus obtained will be similar, and similarly 
situated, to that formed by the other three points -4, By O. 

* This name is propoeod by Mr Clifford^ in the Mesaenger <tf McUhemoEtiei. 
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For if on OA^ OBy OG lespectiTelj (prodaoed if necea* 
saij), we take points A', jB', (7, so that 

OA.OA'^OB.OS^OC.OCr, 

and thiougli A^ B, C draw FZ, ZX, XY, severally at right 
angles to 0A\ OB, 0(7, then FZ, ZX, XY^xt wajjectively 
parallel to BG, GA, ABy or the triangle XYZ is similar and 
similarly situated to the triangle ABC* 

We may observe further, that the point X, since it is the 
intersection of the polars of B and C, is itself the pole of 
the line BGy and therefore OX is perpendicular to J9c?, that 
is to YZ. Similarly, OY, OZy are respectively perpendicular 
to ZXy XY. Hence, is the intersection of the perpendicu- 
lars dropped from X, F, Z on YZy ZX^ XF respectively. It 
may be convenient to call the point of intersection of the 
perpendiculars let fall from the angular points of a triangle on 
the opposite sides, the orthocentre of tne triangle, or of its 
three angular points. Here we may say that ** If a triangle 
be reciprocated with respect to its orthocentre, the reciprocal 
triangle will be similar and similarly situated to the given 
triangle, and will have the same orthocentre/' 

It will be seen bj Art* 19, that any three pointu and 
their orthocentre, reciprocated with respect to any point B^ 
give a quadrilateral, of which iS' is a focus. 

26. If any conic be reciprocated with respect to an ex- 
ternal point £; the an^le between the asymptotes of the re- 
ciprocal hyperbola wifi be the supplement of that between 
the tangents drawn from S io i\y^ conic* (See Art* 9 of this 
chapter.) 

Conversely, if an hyperbola be reciproooJfced with respect 
to any point JS, we obtam a conic, which subtends at B an 
angle me snppl^nent of liiat between the asymptotes of the 
hyperbola. 

27. From the lait article it follows thai, if a parabola 
be redjmcated with respect to any point 8 on its directrix, 
we obtain a reetaaEigular nyperbola, passing through j^. 

Jfaxectapgular hyperbola be reciprocated with respect to 
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any point S on its circumference, we obtain a parabola whose 
directrix passes through 8. 

Again, if a conic be reciprocated with respect to any point 
on its director circle (i.e. the circle which is the locus of the 
intersection of two perpendicular tangents) we obtain a rec1>- 
angular hyperbola. 

If a rectangular hyperbola be reciprocated with respect to 
any point 8 not on the curve, we obtain a conic, whose di- 
rector circle passes through 8. 

28. It is known that the conies passing through the four 
points of intersection of any two rectangular hyperbolas, is 
itself a rectangular hyperbola ; and also that any one of these 
four points is the orthocentre of the other three. If, then, we 
reciprocate these theorems with respect to any one of the four 
points of intersection, we obtain the theorem that, " If a 
parabola touch the three common tangents of two given parar 
bolas, its directrix passes through the intersection of the di- 
rectrices of the two given parabolas, that is, through the 
orthocentre of the triangle formed by their common tangents." 
In other words, " If a system of parabolas be described, touch- 
ing three given straight lines, their directrices all pass through 
the orthocentre of the triangle formed by the three given 
straight lines." 

Again, reciprocating this system of rectan^lar hyperbolas 
with respect to any point 8, we get, "All comes, which touch 
four given straight lines, subtend a right angle at either focus 
of the quadrilateral formed by these four straight lines." Or, 
in other words, "The director circles of all conies which 
touch four given straight lines, have a common radical axis, 
which is the directrix of the parabola which touches the four 
given straight lines." 

29. To Jlnd the polar reciprocal of a circle with respect 
to any point. 

From what has already been shewn, we know that this 
will be a conic; we have now to investigate its form and 
position. 

JjQt 8 be the centre of reciprocation, k the constant of 
reciprocation, MPM' the circle to be reciprocated, its centre, 



RECIPROCATION OF A CIRCLE WITH RESPECT TO A POINT. 121 

MM' its diameter passing through B^ p its radios, and let 
OS^c. 




Fig. 19. 

Through 8 draw any straight Kne cutting MPM' in P 
and Q. 

On 8PQj produced if necessary, take two points Y and 
Zj such that 

8P.8Y^8Q.SZ=^k\ 

The straight lines drawn through Y and Z perpendicular to 
SJP will be tangents to the reciprocal conic. 



Now 



8Y. 8Z^ 



8P.SQ^p'^(f' 



which is constant. Hence, the reciprocal is a conic of such 
a nature that the rectangle under the distances from 8 of any 
two parallel tangents is constant. It is therefore a conic, of 

which fif is a focus, and of which the axis-minor is r . 

It will be an ellipse, parabola, or hyperbola, according as p 
is greater than, equal to, or less than c, that is, according as 
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the centre of reciprocation lies within, apon^ or without, the 
circle to be reciprocated. This agrees with what has been 
already shewn, Art. 9, 

Let 2a, 25, be the axes of the conic, 2l its latos-rectnm, 
e its eccentricity. 

To determine their magnitudes, we proceed as follows. 
The axis-major will be in the direction 80. Let -4, A' be 
its extremities, 

^, 2_ 1 1 _ SM+8M' _2p 
^^^"^ I'^SA'^&l' W "F* 

Hence, Z= — , or the latus-rectum is inversely propor- 
tional to the radius of the circle. 



Again, 



J^p 



«=T = 


>«-c" 


e»=l- 


a* 


-1 ^ 


ip*-<^' 


' P'- 


e *V 






c 

or e=-. 

P 





Thus the eccentricity varies directly as the distance of the 
centre of the circle from the centre of reciprocation, and in- 
versely as the radius of the circle* 

If d be the distance from B of the corresponding directrix, 

e p * c <? * 

^r, the directrix is the polar of the centre of the circle, 

30. We have now the means of obtaining, from any 
property of a circle, a focal property of a conic section. 



FOCAL PROPERTIES. 123 

Take, for example, Euc. iii, 21, This may be expressed as 
follows : " If three poiats be taken on the circumference of a 
circle, two fixed and the third moveable, the straight lines 
joining the moveable point with the two fixed points, make 
a constant angle with one another." This will be recipro- 
cated into ^* If three tangents be drawn to a conic section, 
two fixed and the third moveable, the portion of the move- 
able tangent intercepted between the two fixed ones, subtends 
a constant angle at the focus." This angle will be found, 
by reciprocating Euc. IIL 20, to be the complement of one- 
half of the angle subtended at the focus by the portion of 
the correspon^ng directrix intercepted between the two fixed 
tangents. 

Again, it is easy to see that " if a circle be described 
touching two concentric circles, its radius will be equal to 
half the sum, or half the difference, of the radii of the given 
circles, and the locus of its centre will be a circle, concen- 
tric with the other two, and of which the radius is half the 
difference, or half the sum^ of the radii of the two giveii 
circles." 

Hence we deduce the following theorem. " If two conies 
have a common focus and directrix, and their latera-recta be 
2?, 2Z', and another conic, having the same focus, be described 

so as to touch both of them, its latus-rectum will be , ,, , 

and the envelope of its directrix will be a conic, having the 
same focus ana directrix as the given conies^ and of which 

the latus-rectum is j^T' •" 

Again, take the ordinary definition of an ellipse, that it 
is the locus of a point, the sum of the diistanees of which 
from two fixed points is constant. This is equivalent to 
" the sum of the distances firom either focus, of the points of 
contact of two parallel tangents, is constant'^ 

The reciprocal theorem will be, " If a system of chords 
be drawn to a circle, passing through a given point, and, at 
the extrenaiitieB of any eh(»rd, a pair of tangents be drawn to 
the circle, the sum of the reciprocals of the distances of 
these tangents &Qm the fixed point id constant." 
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The known prcroerty of a circle, that " two tangents make 
equal angles with their chord of contact" will be found, when 
transformed by the method now explained, to be equivalent 
to the theorem that " if two tangents be drawn to a conic 
from an external point, the portions of these tangents, inter- 
cepted between that point ana their points of contact, subtend 
equal angles at the focus." From the fact that " all circles 
intersect in two imaginary points at infinity," we learn that 
"all conies, having a common focus, have a common pair of 
imaginary tangents passing through that fociis," And, more 
generally, we may say that all similar and similarly situated 
conies reciprocate into a system of conies having two common 
tangents. 

31. Two points, on a curve and its reciprocal, are said 
to correspond to one another when the tangent at either point 
is the polar of the other point. Two tangents are said to 
correspond when the point of contact of either is the pole of 
the other. 

The angle between the radius vector of any point (drawn 
from the centre of reciprocation), and the tangent at that 




Fig. «o. 

point, is equal to the angle between the radius vector of, 
and tangent at, the corresponding point of the reciprocal 
curve. 

For, if P be the given point, PFthe tangent at P, and S 
the centre of reciprocation, and SYhe perpendicular to FY; 
and if P' be the pole of PY, and P' Y^ the polar of P, then 
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JP' will lie oa SYy produced if necessary; and if 8Y^ be 
pKerpendicular to P'F', 8Y' will pass through P. Hence, 
since >SP, PF, are respectiveljr perpendicular to P'Y\ 8P\ 
it follows that the angle SPYia equal to the angle SP'Y\ 

32. We have investigated (Art. 10, Chap, iv.) the equa- 
tion of the two tangents drawn to a conic from any given 
point (/, g, h). If in the right-hand member of that equa- 
tion we substitute for 0, G)(aa4- Jj8+/?y)', ay being an arbi- 
trary constant, we shall obtain the general equation of all 
conies of which these lines are asymptotes. Now, since the 
asymptotes of the reciprocal conic with respect to {f, g, A), 
are respectively at right iangles to the two tangents drawn 
from {fyff, A), it follows that the family of conies thus ob- 
tained will be similar in form to the reciprocal conic. 

33. To find the ccHxrdinates of the foci of the conic repre-^ 
9ente^ hy thegemeral equation of the second degree^ 

Since the reciprocal of a conic with respect to a focus is 
a circle, it will follow from Art. 32 that the family of conies 
obtained as above must, if {f g^ h) be a focus, be circles also. 
Applying the conditions for a circle investigated in Art 14, 
Chap. IV., it will be found that the terms involving o) dis- 
appear of themselves, and our conditions assume the form 

(uh^'^Wf'^2Thf)c^'\'{Vf+Ug'^2Wfg)V 

+ 2 {UT + Ugh - TF'A/- Vfg) ho 

=^{Vf+Uf--2Wfg)a'+{Wg' + rh'-'2U'gh)c' 

+ 2{ry + rhf-^Ufg^W'gh)ca 

=-{Wf+Vh'-2U'gh)b' + {Uh'+Wf'^2rhf)a' 

+ 2{W'h^+WJg--rgh^U%f)ab, 
or 

{ W+ Wc'+2 U'hc)f-^2 ( rc+ W'h)f{hg+ch) + U{bg+chY 

^{W<?+Ua^+2V'ca)g'^2{W'a^-U'c)g{ch^-af)-^V^ 

«.( Ua' + Vb^+2 W'ab) V^2{V%+ ra)h{af+ hg) + W{af-^bg)\ 
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equations which, since of + Ig + ch^ 2A, may also be written 
under the form 

. (f7ii*+n*+?iW + 2Cr'Jc + 2rca + 2Tr'aJ)/' 

-4A(F'a+?7'c + 7i)^ + 4r.A« 
«(C7'a' + FJ*+Tro' + 2Cr'&c + 2F'ca + 2Tr'a&)A' 

-4A(Cr'i + ra+Fb)& + 4F-A\ 

The equations, together with 

af-V hff + ch = 2A, 

Setermine the co-ordinates of the foci. It will be seen that 
they give four values of ^ ^, A, two of which are teal, two 
imaginary. 

If the conic be a parabola, then, applying the condition of 
Art. 6, Chap. ly., these equations reduce to 

(F'(5 + TF'J + Da)/- Z7A * (TF'a+ ?7'c+ F5) «7- FA 

= (Cr'J+F'a + TFc)A-TFA, 

which give the focus in that case. 

If the equation 

tw^ + vy* + tos^ + 2ut/z + 2vzx + 2w'a?y * 0, 

be expressed in triangular co-ordinates, we get, for the co- 
ordinates of the foci, the equations 

_ {u+r^w^2U'+2r-{-2W')h'-2{U'+r^w)h+w 
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or, if tlie conic be a parabola, 

2 {r+ W'+ CT)/- U _ 2 {W'+ U'+ V)g^V 

<? 

34. Interesting results may sometimes be obtained by a 
double application of the method of reciprocal polars. Thus, 
the theorem that " the angle in a semicircfe is a right angle" 
may be expressed in the form thaf " every chord of a circle, 
which subtends a right angle at a given point of the curve, 
passes through the centre.'' Beciprocating this with respect to 
the given point, we get 

** The locus of the point of intersection of two tangents to 
a parabola at right angles to one another, is the directrix." 

Now, reciprocate this with respect to any point wfuztever^ 
and we find tnat 

" Every chord of a conic which subtends a right angle at 
a given point on the curve, passes through a fixed point." 

Again, take Euc. iii. 21. This may be expressed under 
the form ^' If a chord be drawn to a circle subtending a con- 
stant angle at a fixed point on its circumference, it always 
touches a concentric circle." Eeciprocating this theorem with 
respect to 0, we get " If two tangents be drawn to a para- 
bola containing a constant angle, the locus of their point of 
intersection wfll be a conic, having a focus and directrix in 
common with the given parabola* ' Beciprocate this, with 
respect to any point whatever, and we get, " K a chord be 
drawn to a conic, subtending a constant an^le at a given point 
on the curve, it always touches a conic havmg double constant 
with the given one." 

Examples. 

1. Having given, a foous and two points of a conic section, 
prove that the locus of the point of intersection of the tangents at 
these points will be two straight lines, passing through the foous, 
and^at right angles to each other. . 

2. Prove that four oonics can be described with a given focus 
and passing through three given points, and that the ktus-rectum 
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of one of these is equal to the sum of the latera-recta of the otlier 
three. 

3. On a fixed tangent to a conic are taken a jQxed point Aj 
and two moveable points F, Q, such that AP, AQy subtend equal 
angles at a fixed point 0. From P, Q are drawn two other tan- 
gents to the conic, prove that the locus of their point of inter- 
section is a straight Hue. 

4. Two variable tangents are drawn to a conic section so that 
the portion of a fixed tangent, intercepted between them, subtends 
a right angle at a fixed point. Prove that the locus of the point 
of intersection of the variable tangents is a straight line. 

If the fixed point be a focus, the locus will be the correspond- 
ing directrix. 

5. Chords are drawn to a conic, subtending a right angle 
at a fixed point j prove that they all touch a conic, of which that 
point is a focus. 

6. Three given straight lines BG^ GAy ABy are intersected hj 
two other given straight fines in -4^, -4^; By B^; (7^, C, respectively. 
Prove that a conic can be described touching the six straight lines 

7. Ay By Gy Sy are four fixed points, SD is drawn perpendicular 
to /Sii, intersecting BG in 2>, SE perpendictftar to SBy intersecting 
GA in Ey SF peq)endicular to SOy intersecting AB in F. Prove 
ihsA Dy Ey F lie in the same straight line. 

Prove also that the four conies which have /S^ as a focus, and 
which touch the three sides of the several triangles ABG^ AEFy 
BFD^ GDEy have their latera-recta equal. 

8. Two conies are described with a common focus and their 
corresponding directrices fixed ; prove that, if the sum of the re- 
ciprocals of ^eir latera-recta be constant, their common tangents 
will touch a conic section. 

9. A conic is described, touching three given straight lines 
BGy GAy ABy so that the pair of tangents drawn to it from a given 
point Oy are at right angles to each other. Prove that it will 
always touch another fixed straight line ; and that, if this straight 
line cut BGy GAy AB in. Dy E^F respectively, each of the angles 
AOBy BOEy GOF is a right angle. . 

Prove also that the polar of with respect to this conic will 
always touch a conic, of which is a focud. 
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1 0. OA, OB, are the common tangents to two conies hAviag a 
common focus S, CA, GB are tangents at one of their points of in- 
tersection, BD, AE tangents intersecting (7-4, GB in 2>, E, Prove 
that Sf i>, E lie in the same straight line. 

11. Any triangle is described, self-conjugate with regard to a 
given conic j prove that, if a conic be described, touching the sides 
of this triangle, and having the centre of the given conic as a 
focus^ its axis-minor will be constant. 

12. Prove that two ellipses, which have a common focus, can- 
not intersect in more than two points. 

13. If a system of conies be described, passing through four 
given points, four fixed straight lines may be found, such that 
the chord of 6ach, intercepted by any eonic of the system, sub* 
tends a right angle at one of the points. 



F. 
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CHAPTER VII. 

TANGENTIAL CO-ORDINATES. 



1. In the Bjstems of co-ordinates with which we have 
hitherto been concerned, we have considered a point as deter- 
mined, directly or indirectly, bj means of its distances from 
three given straight lines ; and we have regarded a carve as 
the aggregation of all points, the co-ordinates of which satisfy 
a certain equation. It is equally possible, however, to con- 
sider a straight line as determined by means of its distances 
from three points, which distances may be termed its co- 
ordinates; and to regard a curve as the envelope of all 
straight lines, the co-ordinates of which satisfy a certain equa- 
tion. 

This system is closely connected with the theory of reciprocal 
polars. In fact, it may be looked upon as a means of so inter- 
preting equations as at once to obtain the results which the 
method of reciprocal polars would deduce from the ordinary me- 
thod of interpretation. The equations are the reciprocals of those 
described in Chapter v. with respect to 05* + y" + «* = 0. 

We may then define the co-ordinates of a straight line 
to be the perpendiculars let fall upon it from three given 

Soints A, Jo, G. The lengths of these perpendiculars we will 
enote by the letters p, q, r, respectively, the lengths BG, GA, 
AB being represented as before by the letters a, i, c, and the 
angles of the triangle of reference ABG being, denoted by 
A, B, G, and its area by A. 

2, Any two co-ordinates, q and r for example, will be 
considered to have contrary signs if the line of which they 
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are the co-ordinates cuts the line BG in a point lying between 
B and C, otherwise to have the same sign. Thus, the in-^ 
temal bisector of the angle A has its co-ordinates of contrary 
signs, the external bisector of the same sign. The sign of 
p relatively to j and r will be determined in the same 
manner. 

If 2> be any point on the line j!?(7, ;, r, the co-ordinates of 
any line passing through it, and BD = a^, CD = a,, distances 
measured idong the line BC from B to G being considered 
positive, and from GtoB negative, it will readily be seen that 

Since this is a relation between the co-ordinates of any line 
passing through the point i>, it may be considered as the 
equation of the point JD. 

If 2) be the middle point of BG, a^ = — a„ hence it 
appears that the middle points of the sides of the triangle of 
reference are represented by the equations, 

j+r = 0, r+i> = 0, p + q-0. 

It may also be proved that the points where the internal 
bisectors of the angles meet the opposite sides, are reprer 
sented by 

Jj+cr = 0, cr + ap=^Oy ap + Sj = 0. 

The points where the external bisectors of the angles meet 
the opposite sides, by 

Jg — cr = 0, cr^ap^^Oy op— 6^ = 0. 

The feet of the perpendiculars from the angular points on 
the opposite sides, by 

jtanjB + rtan (7=0, rtan (7+ptan J[ = 0, 

p tan A + q tanB— 0. 

The points of contact of the inscribed circle, by 

where 2^ = a + S + c 

9-2 
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&, We fihall next prove the following propoBition ; that 
if be anj given point within the triangle ABG^ th^ iiie 
co-ordinates p, q, r (their si^ns being taken in the manna: 
alreadv explained) of any straight line QPB^ passing throagh 
it, will be connected by the following equation, 

ABOC.p + ACOA.q + ^^OB.r^O. 




Tig. 31. 

Let the triangular equation of QPB be 

and the trilinear co-ordinates of 0, ^, i7r(r 

Then f : i; : C :: ^BOG : ACOA : AAOB. 
And, since lies on QPB^ 

l^ + mv + n^^O. 

Again, since p is the distance from the point (1, 0, 0) to the 
line, {ly niy w), 

/. {l.2Ay ^{(l^m) {l-^n) a'+ (m- w) (m-Z) J'+(n-Z)(w-«»)c'}/ 
Similar equations hold for Q and Bj hence 

I m n^ 
or p^ + mrj + n^=s 0, 
whence 

ABOG.p-¥AGOA.q+AAOB.r:=^0. 

This equation may be regarded as the equation of the 
point 0. 
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A similax equation may be proved to hold for any point 
without the triangle, BOU being considered negative, if A 
and O be on opposite sides of BC. 

The following are the equations of some important points 
connected with the triangle of reference : 

Centre of gravity, p + y + r = 0. 

Centre of circumscribing circle, p sin 2-4+ j8in2-B+r sin2 (7 = 0. 

Centre of inscribed circle, # a|? + Jj + cr = 0. 

Centres of escribed circles, 

— ap + Jgr + cr = 0, 

op — igr + cr = 0, 

op + Jj — cr = 0^ 
Qrthocentre, 

^ tan w4 + J tan jB + r tan (7= 0. 

4. We proceed to investigate the identical relation which 
holds between the co-ordinates of any straight line. , 

Let any straight line cut the sides ABy AG oi the triangle 
of reference in D, E. From A, B, G let fall AP, BQ, CB, 
perpendiculars on the line, then BQ^q^ CB = r^ AP^ — ^. 

Let the triangular equation of BPQ referred to ABC SiS 
triangle of reference, be 

Za? + my + w;5 = 0* 
Then, as shewn in the last article, 

Similar equations holding for g' and r', we get 

(2Ar 

~ {l-m) {l-n) o»+ {m-n) (m- Q 6* + (n- ^(n - m) c" 
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Fig. 31. 

whence 

(p-j)(p-r)a«+(j-r)(}-p)&«+(r-j>)(r-2)cP=4A«, 

the required relation between the co-ordinfttes of any straight 
line whatever. 

This maj also be expressed in the form' 



= 0, 



as maj be found hj evaluating the determinant 

Cob. Since the line at infinil^ may be considered as 
equidistant from -4, 5, and (7, it will be represented by the 
equations p =s j = r. 

5. To£nd the distance from the point lp + mq + nr = 0, 
(0 the lins (ip^y q^, r;). 

By what has been shewn above, it appears that the tri- 
angular co-ordinates of the point are 

I 



0, 1, 


I, 


1, 


1, 0. 


<^, 


h\p 


1, c*, 


0, 


a\ q 


hh\ 


a\ 


0. r 


0,p, 


S> 


r, 1 



m 



n 



Z+m + ti' / + «» + n' i + w» + »* 
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And the triangular equation of the line 
Hence, if S be the distance between them. 

Cob, Hence, if p be the radius of a circle, Ip+mq+nrssO 
the equation of its centre, the circle, being the envelope of a 
line whose distance from the centre is constant, will be repre- 
sented bj the equation 

(p-?)(i>-0^+(?-r)(j-p)J«+(r-p)(r-j)c* 

"[pJ \ l + m-hn J' 

6. An equation of a degree, higher than the first, maj be 
regarded as representing the curve which is touched by all 
the straight lines, the co-ordinates of which satisfy the equa- 
tion of the curve. Adopting this mode of interpretation, the 
values of the ratios p : q > ^ which simultaneously satisfy 
two given equations will be the co-ordinates of the common 
tangents to the two curves represented by these equations, 
and the values obtained bv combining any given equation 
with an equation of the first degree, will represent all the 
straight lines which pass through the {)oint represented by 
the equation of the first degree, and which touch the curve. 
From this it follows, that an equation of the n^ degree will 
represent a curve such that n tangents, real or imaginarv, can 
be drawn to it from any point, that is, a curve of the n^ 
class. 

It will hence follow that every equation of the second 
degree represents a conic. We may proceed to consider some 
of its more interesting special forms. 

7. To find the equation of a conic whicJi touches the three 
aides of the triangle of refsrenceA 
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The co-ordinates of the sides of the triangle of reference 
are 

j = 0, r = 0for5G^, 

r = 0, p = for CA, 

j? = 0, j = for AB. 

Hence, the equation of the required conic must be satis- 
fied whenever two out of the three co-ordinates j?, j, r are = 0. 
It must therefore be of the form 

L^ + Mrp + Npq = 0. 

The equations of the points of contact are 

These majr be established as follows: If in the given 
equation we make Mr + Nq=BO, we obtain either j=*0, or 
t*==:0. It hence appears that the tangents drawn through 
the point Mr + N^ = 0, pass either through the point 3^ = 0, 
or through the pomt r = 0. But the three points 

Mr + Nq^Oy j = 0, r = 0, 

lie in the same straight line ; hence the tangents drawn from 
Mr + Nq = coincide, that is, it is the point of contact of the 
tangent for which qzsr^O. Similarly for the other two 
points of contact. 

It will hence appear, by reference to the equations of the 
points of contact of the inscribed circle, given in Art. 2, that 
that circle is represented by the equation 

(« — a) jr + (« — S) rp + (« — c) pq = 0. 
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Tlie escribed circles will be represented as follows : 
'~8qr+{s — c)rp+{8^ h)pq = 0, 
{s — cjqr-- srp + (« — a) ^ = 0, 
(5 — J) g** + (« — a) »y — spq = 0. 

8. To find the equation of a conic drcumscribed about 
the triangle of reference. 

The equations of the angular points of the triangle of 
reference are 2> = 0, j = 0, r = 0. ]n ow, since each of these 
points, lies on the curve, the two tangents drawn through any 
one of them must coincide, hence when any one of these 
quantities is put a 0, the remaining equation must have two 
equal roots. The required equation will therefore be of the 
form 

Ly + M^g^ + N^7*-2MNqr-^2NLrp^2LMpq^0. 

The co-ordinates of the several tangents at the angular points 
will be given by the equations 

J? « 0, Mq--Nr=::^Oy 

J = 0, Nr •^Lp:=^Ot 

r«0, Lp-Mq-0. 

If the conic be a circle, the tangent at A will be deter- 
mined by the equations 

j7 = 0, — ^— = 



which last is equivalent to b^q — c'r = 0. 

Similar equations holding for the other two tangents, the 
equation for the circumscribing circle will be 

ay + jy + cV - 2lVqr - 2c'aVp - 2aVpq = 0, 

which may be reduced, to 
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9. By investigations similar to those in Chap, IV. Art. 8, 
it may be shewn that the equation of the pole of the line 
(/, y, A) with respect to the conic 

4> ij), q, r) =ujf + v^+Wf^ + 2uqr+ 2v'rp + 2wjpq^0, 

is 

{uf+ w'g + fih) p + (f£?/+ vg +u'A) q + {vf + tig + irA) r = 0. 

Now, the centre is the pole of the line at infinity, which is 
given by the equations j? = y ss r. 

The equation of the centre is therefore 

(m + v' + w')p+ {ti + 1; + it') J + (tt' + v' + it) r = 0. 

If the conic be a parabola, it touches the line at infinity ; 
the condition that it should be a parabola is therefore 

tt + 1; + f£? + 2tt' + 2t>' + 2 w' = 0. 

10. The two points in which the conic is cut by the line 
(/, g^ A) are represented by the equation 

(See Chap. iv. Art 10.) 

Hence the two points in which it is cut by the line at 
infinily are given by 

(M^-v+tt?+2M'^-2^?'+2t^')(wy+^^+tt?r^+2tt'5T+2t>'l3^f2tt?'p^^ 

- {{u-^v+w)p+ (M'4i?+tr') j+(u'+t?'+ti?)r}?=0. 

Hence may be deduced the equation of the two points at 
infinity through which all circles pass. For these are the 
same for all circles. Now, for the inscribed circle they are 
obtained by putting 

u^v^w — 0, 2u*=s-'ay 2i>' = « — J, 2m7' = « — c 

The equation then becomes 

48{{8-a) qr+{8'-h)rp+{8'-c)pq] - {ap +hq+ory ^ Oj 

or a^p*+h^q^+<?i^-'2bcqrcosA'^2carp cosB-2abpqco8 C7= 0, 



CIBCULAR POINTS AT INFINITY. 139 

which may also be written 

a^{p-i){p-r)^V{s-r){q^p)+^{r^p){r'-q)^0, 

the equation of the two circular points at infinity. 

Hence may also be dednced the conditions that the equa- 
tion 

wp* 4- t?j" + wi^ + 2uqr + 2vrp + 2ulpq = 

may represent a circle. For, comparing this equation with 
that just obtained (Art. 5, Cor.), we get 

U V w 

a«-J«-c*-2wm S'-if'-a^'-^nl c*^a^-V-^lm 



2u* 2t>' 2w 

Putting each member of these equations = A, they may be 
written 

Jccos-4-f w'A = — mn, ca cos jB + t?'A = —n?, 
aicos C74-fr'A = — &». 
These equations gxre 

{V^vh) (c*-w*) = (Sccos^ + w%)«, 
or (tnr-w'*) ft*- (w^ + !!?&• + 2u'Jc cos -4) A + JVsin'ui = 0. 

Again, we get 

(a* — uA) (Jc cos -4 + w'A) + (ca cos 5 +t?'A)(aJ cos (7+ti?'A?) = 0, 

or (i;V- wtt') T^^- {a(aM'+ftcos (7.i?'+cco8 JB.w') ^lcQO%A.u]h 

•{-cfbc sin 5 sin C= 0. 

Now, since iV sin* A^a^hc sin jB sin (7= (2 A)", these equa- 
tions may be written under the form 

{vw - tt*^ £» - (tkj» + w J* + 2u!bc cos ^) A: + 4A* = 0, 

(« V-tttt')A*+{a(aw'+iv'cos (7+ctt?'cosJB)-6c coa^.tt}ib+4A'=0. 
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Combining these with the four similar equations, we get 
{vm - 1;" + ttt? - w" - 2 {v'w' - uu)} k 

- {i* (i' + 0" - 2bc cos A) + i;a*+ ira" + ^cfv! 
. + 2av' (o cos -B + i cos C) + 2aw {b cos (7 + c cos B)} = 0, 

(t^ + 1; + W7 + 2m' + 2t>' + 2m>') a" i * 

Two other corresponding expressions may of course be 
obtained for i, and the required condition is therefore 

a* " V 

11. To find the equation of the conic with respect to whtck 
the triangle of reference is self conjugate. 

Since each angular point of the triangle of reference is the 
pole, with respect to this conic, of the opposite side, it follows 
that the equation of such a conic will be of the form 

up* + vg^ + tvt^ = 0. 

From the last article it will be seen that the equation of 
the self-conjugate circle is 

«' a" r* 



be cos A ca cos B ab cob C 



Examples. 

1. A parabola is described about a triangle so that the tan- 
gent at one angular point is parallel to the opposite side; shew that 
the square roots of the perpendiculars on any tangent to the curve 
are in arithmetical progression. 
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2. A conio is circumscribed about a triangle sucli that the 
tangent at each angular point is parallel to the opposite side; shew 
that, i£p,q,rhe the perpendiculars from the angular points on any 
tangent, 

3. Shew that the equation of the centre of this conic is 

p-hq + r = 0. 

4. Conies are drawn each touching two sides of a triangle at 
the angular points and intersecting in a point; prove that the inter- 

^ sections of the tangents at this common point with the sides cutting 
their respective conies He on one straight line, and that the common 
tangents to the conies intersect the sides in the same three points. 

6. A system of hyperbolas is described about a given tri- 
angle ; prove that, if one of the asymptotes always pass through 
a fixed point, the other will always touch a fixed conic, to which 
the three sides of the triangle are tangents. 

6. A parabola touches one side of a triangle in its middle 
point, and the other two sides produced ; prove that the perpen- 
diculars, drawn from the angular points of the triangle upon any 
tangent to the parabola, are in harmonical progression. 

7. Prove that the nine-point circle of the triangle of reference 
is represented by the equation 

a{q + r)4 + b{r+p)^ + c{p + q)^ = 0. 

12. There is another system of Tangential Co-ordiaates, 

which bears a close analogy to the ordinary Cartesian system. 

If oj, y be the Cartesian co-ordinates of a point, referred to two 

Tectangalar axes, then the intercepts on these axes of the polar 

of the point, with respect to a circle whose centre is the origin, 

. If ¥ 
and radius A?, will be — , — respectively. These intercepts 

completely determine the position of the line, and their reci" 
procala may be taken as its co-ordinates, and denoted bj the 
letters f , rj. 

13. In this system, every equation of the first degree 
represents a point. 
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Let af + 6«y«l 

be an eqaation of the first degree. 

Draw the straight lines OX, OF at right angl^ to one 
another; on OX take the point A^ such that OA = a, and on 
or take the point J?, snch that OJ? = ft. Draw AF, BP 
perpendicular to OX, OF respectively, meeting in P. 



Then, the equation 



af + 5i7 = l 



shall represent the point P. 




Fig. 33. 

Through P draw any straight line, meeting OX, F in 
Hy X, respectively. Then, if *f , 1; be the co-ordinates of 
this line. 



OH ^' 



OK 



Hence 



._OA_KP 
^^-^ OH'HK' 

, OB HP 
^"OK^HK' 
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f 
a relation which is satisfied hj the co-ordinates of eyery line 
passing through the point P. This equation therefore repre- 
sents the point P. 

14. In this system, as in that described in the fonner part 
of the present chapter, an equation represents the curve, the 
co-cordinates of whose tangents satisfy it, and an equation of 
the n^ degree will therefore represent a curve of the n^ class. 

15. If the perpendicular OQ let fall from on the straight 
line HK (fig. 23) be denoted by p^ and the angle QOX by 0, 
we shall have 

f^ cos <l> sin if> 

and a point will then be represented by the equation 

acos^+b sin<^=p; 

an equation which, if a^ + b* be put=c", and - = tana, 

becomes jo = cos c (^ — a). 

We thus obtain a method of representing curves by a 
relation between the perpendicular from a fixed point on the 
tangent and the inclmation of that perpendicular to a fixed 
straight line. These may be called the tangential polar co^ 
ordtnates of the curve. This method will be found discussed 
in the Quarterly Journal of Pure and Applied Mathematics. 
Vol. I. p. 210. 



Examples. 

1. Prove that the distance between the points af + &i7»l, 
a'f + 6'i7=l,is{(a'-a)'+(y-6n4 

2. Prove that the cosine of the angle between the lines (f, 17), 



(r+7')*(r+ij'o*- 
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3. Prove that the distance from the point (a£ + 617 = 1) to the 
line(f„i;,)is« + H-l)(f/ + 0"*. 

4. Prove that the equation f* + i;* + 2Pf +2$i7 + i2=0, repre- 
sents a conic, of which the focus is the origin. 

What are the co-ordinates of its directrix ? What is its eocen- 
tripitjy and what its latus-rectum ) 

5. Prove that the equation p — a-^-e ooa^ represents a 
circle ; and determine the radius of the circle. 

6. Prove that the evolute* of the ellipse a*^ + b'rj'=l is 
represented by the equation 
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GHAPTEB VIIL 

ON THE INTERSECTION OP OONICS, AND OJST PEOJECTIONS. 

1. We stall here say a few words on the subject of the 
intersection of two conies, as an acquaintance with this branch 
of the subject will be useful in future investigations. 

Since every conic is represented by an equation of the 
second degree, it follows that any two conies intersect in four 
points, which may be (1) all red, (2) two real and two ima- 
ginary, or (3) all imaginary. 

2. Through these four points of intersection three pairs 
of straight lines can be drawn. If the four points be called 
P, Q, B, 8, the pairs of straight lines will be PQ and B8f 
PR and Q8, PS and QB. If PQ and B8 intersect in L, 
PR and Q8 in Jf, PS and QB in N, the points L, Jf, N are 
called (see Art. 15, Chap, ii.) the vertices of the quadrangle 
PQB8. Also the three points i, Jf, N will form, with 
respect to every conic passing through the points P, Q, J?, 8y 
a conjugate triad ; and therefore, each of them will have the 
same polar with respect to all such conies. 

3. The equations of the pairs of lines PQ, B8, &c. (the 
sides and diagonals of the quadrangle) may be found as 
follows. Let the equations of the conies be 

<f> (a, /8, y)^ua* + vff' + tor/-{'2u'/3y+2vya + 2wafi == ... (1), 
-^(a, /3, 7) =i^a' + q^ + rr/ + 2/^7 + 22'7a + 2r a/3 =^ 0. . . (2) ; 

then every conic passing through their four points of inter- 
section will be represented by an equation of the form 

^(«,/3,7)+7^f (^,)8,7) = .(3). ' 

p. 10 



(4), 
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If the left-hand member of this equation 1>Teak up into 
two factors, the conic degenerates into two straight lines, real 
or imaginary. The conation that this should happen is 

u +pk^ w + r'hy V* + j'i 
w + r'A, V +. gk^ . v! +p'k 
V + gfk^ tt' +y A:, to + rk 

a cubic for the determination of k, of which the roots are 
either all real, or one real and two imaginary. If the roots 
be all real, the vertices of the quadrangle, which will be the 
centres of the several conies included in the form (3), will be 
all real. If one root only be real, then one vertex only of 
the quadrangle will be real. We proceed to consider ho-w 
the reality of the vertices 2/, Jf, N depends upon that of the 
points P, Q, B, S. 

4. First, suppose all the four points P, Q, i?, iS> to be 
real, then it is clear that all the vertices will be real. 

5. Next, let two of the points, P, Q, for example, be 
real, and B, 8, imaginary. 

Then, the line PB can have no other real point but P. For, 
if it had, it would itself become a real line, and we should 
have a real line cutting a real conic in one real and one ima- 
ginary point, which is impossible. 

Hence the point Jf, which lies on PBy is imaginary. 
Similarly the line P8, and the point Ny which lies on it, are 
imaginary. The real vertex must therefore be 2/, which lies 
on PQ. 

We may observe that the line B8 will be reaL For the 
two lines PQ, jB/S, considered as one locus, will be represented 
by equation (3) when for k is substituted the real value cor- 
responding to the point i/. Hence the form of the expression 
4> (a, ^yi) +k'>^ (a, j8, 7) answering to PQ, contams one 
real linear factor, and the other linear factor, which answers 
to B8f will therefore also be real. 
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6* THirflly, let all the four points of intersectito be ima- 
ginary. Thea the thrqe vertices will all be real. 

For, by what has been shewn above, one vertex is neces-^ 
sarily sa Take this as the apgxdar point A of the triangle 
of reference, and let its polar with respect to the two comes 
be tcJcen for the side BCC 

The point B being chosen arbitrarily, let its pqlar with 
respect to otie of the conies be taken as ^C7. Then this 
conic may be represented by the equation 

a^ + vfil' + wy'^O (1). 

Let the other be represented by 

a*+Ji3* + r7»+2/i87=0 (2). 

Since the fonr points of intersection are imaginary, the 
roots of the quadratic 

(g'-t;)/3' + (r-tt?)/ + 2p'/J7=0 

will be imaginary. Hence 

(Sl^v){r-w)>p'' (3). 

Now let (0, ffy h) be the co-ordiqates of either vertex. 
Then, since it has the same polar with respect to both conies, 
the equations 

vg^ + why = 0, 

(2i7+i>'A))3+(/i7 + rA)7 = 
'will represent the same straight line, hence 

vg toh 

The two values of f , given by this equation, will deter- 
mine the vertices, Now'the roots of this equation are real or 
imaginary, aa 

{^vo — rvf + Ivfjop*^ ^ 0. 

10—2 . 
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That IB, the irettices trill necesBariiy be lesal, if v atld w 
have the same signs. Suppose them, hawerer, to haye con- 
traiy signs, then, hj (3),, 

therefore multiplying both sides by — 4tVtff, which is a positiye 
quantity, 

— 4vw {qr -^p^ > 4xw {vw — jw — rv) ; 

.*. {gw-\-Tvf— \vw (^r—p^ > {qw+rvf + 4t^vf — 4tvw (^w + rv) 

> {3^0 + rv — 2viof 

>0; 

/. {qw — rv)^ ^^ Avwp'^>0. 

Hence, when the four points of intersection are imaginary, 
the vertices are in all cases real. 

7. Suppose now that these vertices are taken as angular 
points of the triangle of reference. Let the conies be repre- 
sented by the equations 

pa* + q^ + rrf=:0. 
Then +-; — - — -« + - — ^-— r=± 



(£W—rv)i (ru—pw)^ (pv — qu)^ 

are the equations of the several pairs of common chords of the 
two conies. Since two of the expressions 

qw — rv, ru —pw, pv — qu, 

must necessarily have the same sign, it follows that one pair 
at least of common chords is always real. The other two 
pairs will, as may easily be seen, be real or imaginary, accord- 
ing as the four points of intersection are, or axe not, all real. 

8. Eetuming to the equation (4) given in Art. 3 of this 
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chapter ^e see that it may fbe partially developed intto l3ie 
following form : 



«, to', v' 










V>', V, u' 




V, u', to 




p, w\ «' 








u, w\ q 


r',v, u' 


+■ 


w, gr, tt' 


+ 


W'yV, ]} 


i\ tt', to, 




v', /> t^ 




V, U, V 


u, v', q 




p, V)\ c[ 




p. < v' 


to', J, p' 


+ 


^'y % p 


+ 


r\ J, u' 


»', /, ♦• 




2',<r 




j', p\ w 


P. »•'» ?' 




r\ ff, / 


J5;»=,0. 


«'♦ /. ♦• : 











►&• 



This equation .is generally ivritten 

A + eJfe + e'Jfe» + A'i»«0, 

Here A and A' are known to be the discriminants of the 
two given conies. Now the roots of this equation are the 
values of h which will give tike three pairs of i^tralght lines 
drawn through the points of intersection of the two eotmea, 
and since these values must remain unakered by any transr 
formation of co-ordinates, it follows that the ratios of the four 
eoefficients, A, B, B',.A', also remain unaltered by any such 
transformation. On this account they are called the Invotriant$ 
of the system. They possess numerous interesting proper- 
ties, but a detailed examination of thtem would lead us too far 
from the object of this work. They will be found fully dis- 
cussed Hi Pr Salmon*^ treatise. 



On Pkojections. 

9. Dep. The surface generated by a straight line of 
indefinite length, which always passes through a given fixed 
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Jk)int, and always meets a given curve, the curve and point 
not Ijing m the same plane, is called a cone. . 

The fixed point is called the vertex, and will "be denoted 
in this chapter hj the letter V. 

If a cone be cut by any two planes, either of the cttnres of 
section is said to be 2^ projection of the othei; 

Also the two points in which any generating line is cut 
by two planes are said to be the projections, the one of the 
other. The straight Kne in which the two planes intersect is 
called the Unprqfected. 

It mav easily be seen that the projection of any curve on 
a given plape coincides with the shadow of the curve which 
would be cast upon the plane by a luminous, point coinciding 
with the vertex of the cone. 

The projection of a point of intersection of any two curves 
will be a point of intersection of their projections. 

The projection of any straight line will be a straight line ; 
and that of any curve of the nth degree will be a curve of the 
nth degree. For sioce any straight line and curve of the nth 
degree intersect in n points, their projections will also intersect 
in n points. 

10. If AB be any given straight line, and a cone he cut 
by any plane parallel to VAB, the projection of the line .AB 
will be infinitely distant Hence it is always possible so to 
project a figure, that the projection of any given straight line 
shall be removed to an infinite distance, xhis is caUed pro- 
jecting the straight line to infinity. 

11. Any quadrilateral may be projected into a parallelo- 
gram. 

For, if ABGD be any quadrilateral, and the sides AB^ 
CD be produced to meet in ^, AD, BG in F^ and the line 
HF pojected to infinity, then, since the projections of AB, 
CD intersect at an infinite distance, they wiU be parallel to 
one another; as also those of AD, BO,, whence it follows that 
^e quadrilateral u!lJ?C7i> is projected into a paxallelograD^ 
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12. The an^le EVF will be the angle between the pro- 
jections of the sides -4JB, BG. For if the plane of projec- 
tion cut the lines VA, VB, VC, VD in A\ B', U, U re- 
spectively, then the points A\ B^ 0\ If are respectively the 
projections of -4, -B, (7, D. Now the plane ABAB contains 
the points F, Ey and, since the plane of projection, in which 
the points A^ B lie, is parallel to FEP, and therefore to VE^ 
it follows that A'B is parallel to VE. Similarly BC is 
parallel to VF^ and therefore the angle ABG' is equal to the 
angle EVF. 

13. Since the angle EVF mav be made of any magni- 
tude, by taking the point V anywhere on any^ segment of a 
circle of which EF is the base and which contains an angle of 
the required magnitude, it follows that any quadrilateral, may 
be projected, in an infinite number of ways, into a parallelo- 
gram of which the angles are of any assigned magnitude. 

14. We majr now proceed to detail the application of the 
theory of projections to curves of the second degreie. 

It will easily be seen that the projection of any tangent to 
any curve will be a tangent to the projection of the curve. 

Again, if any point and straight line be the pole and polar 
of one another with respect to a given conic, their projections 
will be the pole and polar of one another with respect to the 
projection of the conic. 

For, let be any given point, XT its polar withTespect 
to any given conic. On XY take any pomt jT, external to 




Pig. 14- 
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the eonic, and from T draw two tangents 2!P, TQ, then FQ 
will pass through 0. Now project the whole system, and let 
O, P\ 0'. T\ X\ Y' be the respective ptyjections of O, P, 
<?, r, J, r. Then T'P', TQ will be tangents to the pro- 
jected eonic, and PQ wiUpass through Of, Hence sinee T 
is any point on X'y, X'l"^ will be the polar of O. 

15. From the proposition just proved, it will follow that 
any- two conies mav be projected into CQnQentric curves. For 
it IS always possible (Arts. 5 and 7) to find one Teal point at 
least, the polar of which with respect to two given conies is 
the same straight line. Let then this straight line be pro- 
jected to infinity, and its common pole, with respect to the 
two conies, will become the centre of the curves of projection. 

16. It may also be proved that any two conies may be 
projected into similar and similarly situated curves. For it is 
always possible (Arts. 5 and 7) to find two straight lines 
which meet two ^ven conies in the same two points, real or 
imaginary. Project either of these straight lines to infinitjr, 
and the conies will then be projected into curves, two of the 
points of intersection of wliich are infinitely distant, that is, 
mtQ similar and similarly situated conies. These will be 
ellipses or hyperbolas, according as the points, in which the 
line projected to infinity meets the conies, are imaginary or 
real. If the two conies have double contact with one another, 
their projections will also be concentric. 

17. The projections, spoken of in the last two articles, 
may be effected in an infinite number of waya For any point 
whatever may be taken as the vertex of the cone, and if the 
cone be cut by a plane, parallel to that which passes through 
the vertex and the line which it is required to project to in- 
finity, the required projection will be effected, 

18. It hence follows that it is possible to project any two 
intersecting conies into hyperbolas of any assigned eccen- 
tricity. Suppose, for example, that it is required to project 
two conies, intersecting in points A^ B, into two similar and 
similarly situated hyperbolas, the angle between the asymp- 
totes of each being a. Take any point F, such that the angle 
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AVB-=<x, «nd describe two cones, of whicli V is the conmion 
vertex, passing through the two giren conies. The sections 
of these cones made by any plane parallel to the plane VAB 
will be hyperbolas, of which the asymptotes are parallel to 
VAy VB respectively, and will therefore be similar and simi- 
larly situated to one another, and of the required form. 

19* We now come to the most important and most diffi«- 
cult point of the theory of projections, the process by which, 
from the properties of the circle, those of conic sections iiji 
general may be deduced. We have just seen that any two 
conies may be projected into hyperbolas of any assigned ec- 
centricity. Now this process, the possibility of which we 
have shewn by a geometrical method, of course admits of 
algebraical proof. And the algebraical investigation, on ac-** 
count of the continuity of the symbols employed, would not 
take any account of the restrictions introduced into the geo- 
metrical investigation, ,eitber as to the conies iutersecting in 
real points, or as to the eccentricity of the conies into which 
they are projected being greater than unity. It is therefore 
possible, by an algebraical process, to transform the equations 
of any two conies whatever into those of conies of any eccenr 
trtcity^ and therefore into those of circles. The points and 
tang^its cQmmon to the (wo givep conies will be transformed 
into points and tangents common to their projections, and the 
relations of poles and poljar^ will remain unaltered. 

Since all circles pass thuough the same two points on the 
line at infinity, it follow^ tl^at all circles are transformed by 
projection into a system of conies passing through the same 
two points, or haying si conimpu chord. Again, since every 
parabola touches the line 9t infinity, it follows that all para- 
Dolas will project into a system of conies touching the same 
straight line. A system of parabolas and circles will project 
into a system in ^hich all the Aii^s "^U become conies pass- 
ing through the same two points, and all the parabolas will 
become conies, having the straight line joining those two 
points for a common tangent* 

20. We have seen, in iSie investigation of the co-ordinates 
of the real and imaginary jbci, given in Chap, yi., that the pair 
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of imaginary tangents, drawn to a conic from anj one of its fonr 
foci, satisfy the analytical conditions of being asymptotes to a 
tircle. Efence these tangents mnst themselves meet tlie line 
at infinity in the two circular points. ConTersely, if from the 
>two circular points at infinity two pairs of tangents be drawn 
to any conic, these will form an imaginary quadrilateral, cir- 
cumscribing the conic, the four angmar points of which are 
■the fonr foci of the curve. 

Hence all conies having the same fi>cus project into conies 
having a pair of common tangents; and all confocal conies 
into conies inscribed in the same quadrilateral. 

The directrix is the polar of the focus, hence, if two conies 
bave the same focus and directrix, they project into two conies 
having a common chord of contact for their common tangents, 
that is, having double contact with one another. 

21. The anharmmic ratio of any pencil or range is un- 
altered by projection. 

"Let the transversal PQR8 cut the four straight lines OP, 
-OQj OB, 08. Take any point F, not lying in the plane 
through these straight lines, join VO, VPyVQ, VR, V8, and 
let these lines be cut by any other plane in (7, P^ Qf^ JK', S^ 
Then 

{a.FqR8'}=:'lFQR8'] 
FQ.RS' 

'sinPTir.sing^Fflf' 

BinPVQ.BJxiRVS 
sinPFB.sin^Fflf 

_ PQ.Ea 
"PM.QS 

^IPQBS] . 

:^[0.PQB8]. 
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'^ Hence the anhannoiiic ratio of the given pencil iind range 
is the same as that of their projection. 

23. The following proposition is useful in the projection 
of theorems relating to the magnitude of angles. 

Any two lines which make an angle A with each other^ 
form with the lines joining the circular points at infinity to 
their jpaint of intersection, a pencil of which the anharmonic 
ratio is e^*-^*^^. 

It will be understood that the two given lines are taken as 
the first and third legs of the pencil. 

Take the two lines as two sides of the triangle of reference^ 
and let them be denoted by j8 = 0, 7 = 0. The lines joining 
their point of intersection to the circular points at infinity 
are ^ven bjr eliminating a between the equation of the line at 
infinity and that of the circumscribing circle, that is, between 

a p 7 
This gives i8* + 2j87COS-4 + 7* = 0. 
Now the two lines represented by the equation 
(/3-A7)(/3 + A:V)-0 

form with fi^sQ and 7 = a pencil of which the anharmonic 

. . Jfe' 
ratio is -r (Art. 23, Chap. I.}. In the present case, 

Hence the anharmonic ratio is 



^'A>l=i ' 



_ ^V-i _. ^»-iA)V=i^ 



Gob. In the case in which the lines are at right angles to 
one another, -4 = - , and the anharmonic ratio becomes unity, 
)hat is, the four lines form an harmonic penciL > 
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23. The known property of a circle, that " the angles in 
the same segment are equal to one another," giyes rise to an 
important anharmonic property of conic sections. The pro- 
perty of the circle may be expressed thus, thart " if -4^. J5 be 
any two fixed points on the circumterenee of a circle, any 
paoving point on it, the angle AOB is constant." Project the 
circle mto any conic, and let A\ ff^C/hG the projections of 
AjByO; S,K those of the circular points at infinity. Then, 
from the result of the last article, it follows that 

{ff.A'B'MK] is constant 

Or, the anharmonic ratio of the pencil, formed ly joining 
any point of a conic to four fxed points on the curve, is con- 
stant, 

Beciprocating this theorom, in accordance with Art. 13, 
Chap. Yii., we see that if any tmtgent to a conic be cut byfbur 
fixed tangents, the anharmonic ratio of the range, formed by the 
points of section^ is constant. 

24. If P, Q, R be three points in a straight line, ^and 
p, ^, r be their projections, and s the projection of the point 
at mfinity on the Ime FQB, then 

•p r 1 i>?-»"< PQ.B8 

where 8 denotes the point at infinity on the line PQB. 
Also BB : P8 in a ratio of equality, hence 

25. If JP, F, Q, q, R, R... be a system <d points in 
involution, ajad^, o', y, ^', r, r'.^. their projections, lien jaipce 
ly Art 27, Chap. i. lPQR8]^\P'qB:8'\ and by Art. 21 
of this Chapter [PQBSl^ipqrsI, [F^iTjSf] ^ [p'jVV], 
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it foUowff that [pqrs] = [pyr**], or p^ f!\ j, j', 7*, r'.., are a 
system of points in inyoration. Hence, awy system of points 
in involution projects into a system in involution. 

If P coincide with P', p will coincide with p\ at the foci 
of one system project into the foci of the other. We may 
o*bserve that the centre of one system will not^, in general, 
project into the centre of lie other. 

26. Let a system of circles be described through two 
given points A, A\ and let any circle of the system cut a 
given straight line in P, P'. Produce AA' to meet the given 
straight line in 0, Then 

OP.OP'=^OA.OA\ 

or OP. OP' is constant for all circles passing through A, A\ 
Hence, the system of points in which a system of circles, 
passing through two given points, cut a ^ven straight line, 
are in involution* Project iJie system of circles into a system 
of conies, passing through four ^ven points, and we learn 
that " a system of conies, passing through four given points, 
cut any straight line in a system of points in involution." 

Of this system of conies, one can be drawn so that one of 
its points of intersection with the given straight line shall be 
at an infinite distance, — in other words j so that one of its 
asymptotes shall be parallel to the given straight line. The 
other point, in which this conic cuts the given straight line, 
will be the centre of the system. 

Again (see Art. 3, Chap, ix., infra) , two conies can be 
described, passing through the four given points, and touching 
the given straight line. The two points of contact of these 
conies will be l£e foci of the system of points in involution. 

By reciprocating these propositions, we obtain analogous 
properties of the system of conies, inscribed in a given quad- 
rilateral, whence, by projection, may be obtained those of a 
system of confocal conies. 

27. When the vertex of the cOne, used for purposes of 
projection, is infinitely distant, so that the cone itself becomes 
a cylinder, the projection is said to be orthogonal. In this 
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mode of projection, the line at infinity remains at an infinite 
distance, and anj two parallel lines will therefore project into 
parallel lines. Also anj area will bear to its projection a 
constant ratio ; and the mutual distances of any three points 
in the same straight line will bear to one another the same 
ratios as the mutual distances of their projections. Two per- 
pendicular diameters of a circle will, since each is parallel to 
the tangent at the extremity of the other, project into two- 
conjugate diameters of an ellipse. By this method, many 
properties of conic sections, more especially those relating to 
conjugate diameters, may be readily deduced from those of 
the circle. 



1. If XT2! be a triangle which moves in such a manner that 
its side TZ always passes through a fixed point -P, ZX through §, 
XY through Ry and if the locus of F be a fixed conic passing 
through JR and P, that oi Z b, fixed conic passing through P and 
Q, proTe that the locas of X will be a fixed conic passing through 
9, B, and through the other three points of intersection of l^e 
two given conies. 

2. If two tangents be drawn to a conic so that the points 
in which they cut a given straight line form, with two fixed 
points on the straight line, a harmonic range, prove that the locus 
of their point of intersection will be a conic passing through the 
two given points. 

3. A system of conies is described touching four given 
straight lines ; prove that the locus of the pole of any fifth given 
straight line with ree^>ect to any conic of the system is a straight 
line. 

K the fifth straight line be projected to infinity so that the 
points where it intersects two of the other given straight lines be 
projected into the circular points, what does this theorem become t 

4. A system of conies is deseribed about a given quadrangle ; 
prove that the locus of the pole of any given straight line; with 
respect to any conic of the system, is a conic passing through the 
vertices of the quadrangle. 
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5. A system of conies is described toucliing the sides of a 
^vea triangle, and from a given point a pair of tangents is drawn 
to eacli conic of the system. Prove that, if the locus of one of 
the points of contact be a straight line, that of the other will be a 
conic circumscribed about the given triangle. 

6. The taiigent at any point P of a conic, of which S and H 
are the foci, is cut by two conjugate diameters in ^, ^ ; prove that 
the triangles SFT, HPt are similar to one another. 
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CHAPTER IX. 
MISOELLANEOtrS I^ROPOSITIONS. 

ON THE DBTEEMINATION OF A CONIC FEOM FIVE GIVEN 
GEOMETRICAL CONDITIONS. 

1. If any five independent conditions be given, to which 
a conic is to be subject, each of these, expressed in algebraical 
language, will give an equation for the determination of the 
five arbitrary constants which the equation of the conic in- 
volves. Hence, five conditions suffice for the determination 
of the conic. It may, however, happen that some of the 
equations for the determination of the constants rise to a 
degree higher than the first, in such a case, the constants will 
have more than one value, and more than one conic may 
therefore be described, satisfying the required conditions, 
although the number will still be finite. 

The geometrical conditions of most firequent occurrence 
are those of passing through given points and touching given 
straight lines, with such others as may be reduced to these. 
We proceed to consider how many conies may be described 
in each individual case. 

2. Let Jive points he given. 

In this case we have merely to substitute in the equation 
of the conic the co-ordinates of the several points for a, jS, 7 ; 
we shall thus obtain five simple equations for the determina- 
tion of the constants, and one conic only will satisfy the given 
conditions. 

3. Let four points and one tangent he given. 

Take three of the points as angular points of the triangle 
of reference. Let / <?, A be the co-ordinates of the fomth 
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given point, la -f mfi + wy = 0, the equation of the given tan- 
gent. Let the equation of the conic be 

a P 7 

Then for the determination of the ratios \ : /x : j;, we have the 
equations 

X'? + /x*m* + i^n* — 2fivmn — 2v\fil — 2\film = 0. 

These equations will give two values for the ratios, and 
prove therefore that two conies can be described satisfying 
the required conditions. 

4. Let three points and two tangents he given. 

Take the three points as angular points of the triangle of 
reference. Let the two given tangents be represented by the 
. equations 

Za + wjS + wy = 0, 

1!a + fn!fi + n'y = 0. 
If then the conic be represented by the equation 

a P 7 
we have, for the determination of X : /x : v, the equations 
X*P + fiW + j/V — 2fnmn — 2v7inl — 2\film = 0, 
■ X*P + fi^m"* + j^w'* - 2/AmW - 2vXn'l! - 2X/tAZW = 0, 

i which, being both quadratics, give four values for each of the 
c ratios, shewing that four conies may be described satisfying 
the given conditions. 

5. Let two points and three tangents be giveiu 

k Take the three tangents as lines of reference, and let 

li f,g,h; /', /, h\ be the co-ordinates of the two given points. 

F. 11 
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Then, if the equation of the conic be 

we shall get, writing/, g^h; fy g\^ h\ successively for a, /8, 7, 
two quadratics for the determination of the ratios X : /a : ]/, 
giving therefore four conies, 

6. Let one point and four tangents he given. 

Taking three of the tangents as lines of reference, the 
condition of touching the fourth given line gives a simple 
equation for the determination of tne coefficients, and that of 
passing through the given point a quadratic. Hence, two 
conies may be described, satisfying the given conditions. 

7. Let five tangents he given. 

Taking three of the tangents as lines of reference, the 
condition of touching each of the others gives a simple 
equation for the determination of the constants, shewing that 
one conic only can be described satisfying these conditions. 

The results of Arts. 5, 6, 7, may of course be deduced by 
the method of reciprocal polars, from tiiose of Arts. 4, 3, 2. 

8. Several other forms imder which, the data may be 
given, are reducible to a certain number of lines and points. 
Thus to have given a tangent and its point of contact is 
equivalent to having two points given, the points being 
indefinitely close together. Or, it may be regarded as equi- 
valent to having two tangents given, these tangents being in- 
definitely nearly coincident. To have given that a conic is 
a parabola is equivalent to having a tangent given, since 
everjr parabola touches the line at infinity. To have ^ven 
that it is a circle is equivalent to having two points given, 
since all circles intersect the line at infinity in the same two 
points. And this explains the reason why four circles can 
DC described touching the sides of a given triangle, but only 
one circumscribed about it. So, to have given that a conic 
is similar and similarly situated to a given one is equivalent 
to having two points given. To have given an asymptote is 
equivalent to having two points given, for an asymptote may 
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"be regarded as a tangent, the point of contact of which is 
given (at an infinite : mstance). To have given the direction, 
of an asymptote is equivalent to having one point given, for 
this virtualfy determines the point in which the conic meets 
the line at infinity, 

9. If it be given that three given points form a con- 
jugate triad, this is equivalent to three conditions, as the 
equation of the conic, when these are taken as angular points 
of the triangle of reference, is of the form 

Two more conditions will therefore completely determine 
the conic* If these conditions be that the conic shall pass 
through two given points, or touch two given straight lines, 
or pass through one given pqiut and touch one given straight 
line, one conic only can be drawn to satisfy these condi- 
tions. 

We may observe that, if the above conic pass through 
the point (/, g^ h) it also passes through the three points 
(— /, ^y ^)» (/, -g^^^y (/, 9» -A), and that, if it touch' 
the Ime (?, w, n), it also touches the lines (— Z, m^ w), 
(Z, -w, w), (Z, w, -w). 

ON THE LOCUS OP THE CENTRE OP' A SYSTEM OP CONICS 
WHICH SATISFY FOUR CONDITIONS, EXPRESSED BY 
PASSING THROUGH POINTS AND TOUCHING STRAIGHT 
LINES. 

10. The locus of the centre of a conic, which passes 
through m points, apd touches n straight lines, m-^-n being 
equal to four, will be a conic, in eveiy case except two. We 
mil consider the several cases in order. 

11. Let the system pass through four points. 

This is best treated by Cartesian co-ordinates. 

Of the conies which can be described passing through four 
points, two are .parabolas. Take, as co-ordinate axes, that 
diameter of each of these parabolas, the tangent at the ex^ 

11—2 
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tremity of which is parallel to the axis of the other. Then 
the two parabolas will be represented by the equations 

fl^ + 2/y + A = (1). 

y« + 2/a? + A'=0 (2). 

The system of conies is represented by the equation 

a?* + X^^ + 2V» + 2)^ + A + Xft' = (3), 

X being an arbitrary multiplier. 

The centre is given by the equations 

Eliminating X, we get for the locus of the centres 

^^f9 (4), 

a conic, whose asymptotes are parallel to the axes of the 
parabolas (1) and (2). 

If the four points form a convex quadrangle, the parabolas 
will be real, and the locus (4) an nyperbok. If fiie Quad- 
rangle be concave, the parabolas will be imaginary, and the 
locus of centres an ellipse. 

The curve (4) bisects the distance between each pair of 
the four points, and passes through the vertices of the quad- 
rangle. This may be seen from geometrical considerations, 
for of the three pairs of straight lines which belong to this 
system of conies, the vertices are respectively the centres. 

From the form of the equation (3) we see that every conic 
of the system has a pair of conjugate diameters parallel to the 
axes of the parabola (1) (2) ; in other words to tne asymptotes 

of (4). 

The conic of minimum eccentricity is obtained by making 
X = 1. In this case, these are the equal conjugate diameters. 

If the axed of the parabolas be at right angles to one 
another, the four points lie on the circumference of a circle. 
The axes of every conic in (3) are then parallel to the co-ordi- 
nate axes, and (4) is a rectangular hyperbola. 

If each of the four points be the orthocentre of the other 
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tliree, the system of conies is a system of rectangular hyper^ 
bolas, and (4) is the nine-point circle of the given points. 

12. Let three points and a tangent he given* 

In this case we may see, d priori^ that the locus will 
be a curve of the fourth degree, for we can describe four para- 
bolas satisfying the given conditions, and the locus will nave 
four asymptotes, parallel to the axes of these parabolas. 

Take the triangle formed by the three points for the tri- 
angle of reference, and use triangular co-ordinates. Let the 
tangent be represented by & + my + w« = 0. 

Then, if the system of conies be represented by 

\yz + fAZx + iwy = 0, 

the condition of tangency gives 

PX' + m*/x' + wV — 2mn/xif — 2nZj;X — 2ZmA/A — 0. 

The centre is given by the equation 

^+ vy ^vx -{-Xz^Xy •{• fix* 
If each member of this be put for the moment = p, we have 
y + « — a? « + aJ— y x-\-y — z 

therefore the equation of the locus becomes 

ZV(y + «-a?)* + my (« + ifc-y)* + nV(aj+y-J8:)* 
— 2mnyz (« + « — y)(a;+y — «)— 2^fe(aj + y — «)(y + « — a?) 

— 2Zwia?y(y +«-a?) (« + a;-y)=aO, 
a curve of the fourth degree. 

Writing 1 - 2a?, 1 -r 2y, 1 - 2^, for 

y+«— a?, « + aj-y, x-hy-'Zf 
respectively, the terms of the fourth order become 

Pa? + wy + nV - 2wny*a* - 2nZ»V - 2lma?y'. 
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Hence the asymptotes, and therefore the axes of the four 
parabolas, are parallel to the four lines 

±Px±mhf±vfz^O. 

13. Lei twopoinU and two tangents he gtven. 

In this case, again, four parabolas can be described satisfy- 
ing the given conmtions, and we might therefore e^)ect that 
the locus wonld be a curve of the fourth degree. It will be 
found, however, that it breaks up into two factors of the 
second degree. 

Taking the line joining the two points as a =s 0, and the 
other two as /9 =>: 0, 7 « 0, the equation of the system may be 
written 

2)3y+ (Xa + «i)8+ti7)*= 0, 

Hece X is a variable parameter* For the determination 
of m and n, we may proceed as follows. Let the values of — , 
corresponding to a = 0, be called ^ l\ We have then 



mr 



TO 



Hence - = ±{n')K 



For ihe centre, we have the equations 
\ (Xa + TO^ + n7)- » Ml (Xa + TO/S + »y) + <y 

= n(Xa+TO/8 + n7)+/8; 

©I — « 
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_ {m + n) Qia + mfi + ny)+$ + y _ m + n ^ m-nfi + y 
•' " 2(Xa + w/8 + n7) "" 8 "^ 2 ^8-7 

mfi — ny 

Hence, the locos becomes 

: ^ mfi'-ny ^ ^ ■ fi — y 

aX--~ '- + mfi+ny^- — , 

p—y m—n 

or (m-n)a(m/8-n7) + (m-n)08-7)(m/8 + n7) = 08-7)'; 

.•. («i — n){m)3*— WT^-f (n — 1»)/87 — n7a + ma)8} = (/8 — 7)'. 
This may be written 
(w'-mn-l))3' + (n*-«»n-l)7'-(m*-.2mn+n'-2)/87 
+ {nf-^-mn) 7a + (m* — wn) afi = 0, 

or, dividing by f»*, and substituting the values of - already 
obtained, 

+ n'ya + a/5 ± (Z^)* (7a + a/8) =0, 

E*ving, as stated above, two conic sections for the required 
cus. 

14. Let one jmnt^ and three tangents he given. 

Here the required locus will be a conic, since oujy two 
parabolas can be described satisfying the given conditions. 

Take the three straight lines as lines of reference ; and let 
/, g^ A, be the triangular co-ordinates of the given point Wo 
have then, as the equation of the system, 

1*0? + my + nV — 2mnyz — 2nJzx — 2lm ay = 0, 

subject to the condition 

r/"+ my + wW - 2tnn gh - 2nl hf-2lmfg = (1). 
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For fhe centre, we have 

• Zr + wy — ng _ — fe-ftny+ng— Zr — my-fwg . 
tnn nl '^ Im * 



or 



Z» my w« 



Z(m + n) m(n + n(Z+m)' 

0? V 1!? 



I m n 



*' y + z — x z + x — y x + y^z* 
giving, for the locns of the centres, 

/•(y + «-aj)«+/(i5 + aj-y)* + A»(a? + y-«)« 
'-'2gh {z +x-y) (a? +y -«) - 2hf{x + y-z){z + x-y) 

-2/j7(y + «-a?) («+aj-y)=0, 

a conic touching the three straight lines which join the 
middle points of the si^es of the triangle formed by the three 
given tangents^ 

Its asymptotes are parallel to those of the curve 
fa^+fy''{-hV-2ghyz-2hfzx-^2fffxy=:0. 

It will therefore be a rectangular hyperbola^ if 

+ (a*+i'- c")^ = (Art. 3, Chap, v.), 

that is, if the point (/, ^, h) lie anywhere on the circnmference 
of a certain circle. 

It will 1^ a circle, if 
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or, if 

f ^ 9 ^ 1^ 
h + c — a c-\-a — h a + h'-c^ 

-f ^ 9 A_ 

o + ft + c M^b'-c c-\'a''b^ 

f ^ -9 ^ k 

a + J — c a + 6 + c b-i-c-^-a^ 

f - 9 _ -h . 
c-ba — b b + c — a a + b + c* 

or, if the point be any one of the points of intersection of the 
lines drawn from the angular points of the triangle with the 
points of contact of the four circles which toph the three 
sides. 

15. Le^fywr tangents be given. 

In this case, but one parabola can be described, and we 
may anticipate that the locus will be a straight line. This 
may be proved algebraically as follows. Take the diagonals 
of me quadrilateral formed by the four giyen tangents as lines 
of reference, and let the equations of the four tangents be 

± i» ± my ± n« = Q. 
If the equation of the conic be 

t«:^+t!y* + «r«* = 0.......... (1), 

we must have 

W(?Z* + «w»^* + turn* 5=0 (2). 

And the centre of (1) is given by the equations 

therefore its locus is represented b^ 

Pa? + irfy + «A? = 0. 

SUPPLEMENTARY PROBLEMS. 

16. The following theorem is useful in many geometrical 
investigations. 
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The product qfceny two determinants is a determinant. 

First, take. the case of two rows and colnmna. 

Let 

*i«x + Mt = W 

And let 

Af.+/8^. = 0| 

These eqtiations lead to the following : 

o, (oiWj + flgiO + 0, (J^a!, + 5^ J = 0, 



or 



Now, if (4) be satisfied, (8) will be. 
And (2) are satisfied, if either 



or if ^^ and (, are eadi es 0. 

In the latter case, we have by (1), either 



0„ Oj 



.(1). 
.(2). 






(4), 



.(5), 



or a?j and aj^a 
gives 



0. But if x^ and aj, be not =0, tten (3) 

Aa, + i8^„/8A + i8A| ^""^^ 

Hence (6) is satisfied whenever either (4) or (5) are, and 
therefore its .left-hand member must involve, as factors, the 
left-hand members of (4) and (5). The only other ^ factor is 
numerical, and this will be seen, hj comparing the coefficients 
of any term, as for instance aJSfifi^f to be unity* 
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It may, in like manner, be proved that 

a. 



I7l 






7i» 7,, 7. 



/9x«i+5AMCi» /9A+/9A+/3aC„ fi^a,+fi,\+fi,c^ 
7i«i + 7A,+ 7«Ci, 7A + 7A+7,c„ 7i«8 + 7A + 78^s 

and so on, for any number of rows and columns. 



17. JiT (f, g, h), (f ', g', hO, (f ", g", b") J^ «ire6 paints 
which Jbrm a conjugate triad with respect to the conic • 

^(x, y, z) =nx* + vy* + wz*+2u'yz + 2v'zx + 2w'xy = 0, 

then 



Uy Wj V 

w\ V, ti 
v\ u\ to 






^<l>(f.ff.i)<l>{f\ff\h')4>{f\g'\h'r 
For, generally. 



w\ V, u 

Vy U\ W 



/', 9\ A' 



w/ + y>9 + v'A, w/ + wg + t?'A', w/' + 9dY-\- vW 
vif^ vg +w'A, wf^ vg' +u'h\ w'f-^ vf ^^W 
vf-^-u'g^why e;7 + wy +wA', ^'f + u'g" -{^wK' 

4>f9 ^gy 4^ 
4^fi 4^g'9 4>K 

i>n 4>ff''i 4>ir 
where ^/ is written for r^i &c. 
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/. 9^ A 


«»', V, u' 




f>9\V 


v', «', v> 




f',9".Ti' 



Hence 



But /^/ +5^^^ + A^A «!= (/, g, A) whatever/, 5^, A, may be. 

Similarly, all terms of similar form » 0. 
Hence the theorem is proved. 

18. A triangle is inscribed in th^ conicj 

nx' + vy' + wz*+ 2u'yz + 2Vzx + 2Vxy«0, 

two of its sides passing through the fixed points (f, g, h), 
(f ', g , h'), to find the envelope of the third. 

Call the fixed points K, K\ and the angular points of 
the triangle PQB^ BP passing through K, PQ through K'. 
Then, by projecting the conic into a circle and the line KK' 
to infinity, the lines RP, PQ will project into two lines always 
parallel to* themselves, and therefore containing a constant 
angle, henoe QR will project into a line always touching a 
circle concentric with tne given one. Therefore, in the given 
problem, the envelope of QR will be a conic, having double 
contact with the givep one alon^ the line KK\ and Tnll there- 
fore be represented by the equation 

/> 9^ * 



^ («, y > «) + 



a, y, « 



= 0. 



.(1), 



^ (a?, y, z) being written, for shortness, instead of 

tto? + vy* + tt^izf* + 2tt'ya + 2i;'«aj + 2w'a:y, 
and \ being a constant to be determined. 

Now we observe, in the first place, that \ must be of two 
dimensions in/, g^ A, of two in/', y-, h\ and of — 1 in w, t?, «?, 
Uyv\w', 
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Next, let Fbe the point of intersection of two consecutive 
positions of QR. Then, if a triangle inscribed in the conic 
so that two of its sides always pass through K\ F, the en- 
velope of the third side will pass through K. Hence (1) must 
be satisfied when we exchange a?, y, «, with^ ^, h. 

Therefore we have 



\<>(f,9>J>>) + 



«, 


y. 


z 


/, 


9, 


H 


/. 


3> 


h 



^0^ 



\ being what X becomes when x, y, z are written for/, ^, h. 
Hence 

'H> (»> y> «) = \4> (/ ff, A) identically, 
whence, X involves ^ (/, g, h) as a fiactor. Similarly it in- 
volves ^ (/, g, A*) as a factor. Hence we may write 



_i>lfrg.h)4>{f\g\K) 



X=; 



/A being a Amotion of w, v, tr, w', t?', ui\ of three dimensions, 
since Xis of— 1. 



The equation then becomes 






= 0, 



To determine /u, we may suppose, since it is independent of 
the co-ordinates of K, K', that each of these points lies on the 



polar of the other. Then, the envelope of QB must pass 
through the pole of KK', as may be seen by projecting KK' 
to innnitj, for then QB will always pass through the centre 



of the conic. Hence, if (/', g", h") be the polar of KK' 
4>W.9, ^)4>{/',9', AO^C/",/, A") +/* 






= 0. 



whence by Art. 17, /* = — 



u, to, V 

w', V, tt' 



u, to 
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Therefore the required envelope is 






19. A triangle is described about a conic^ X* + 3^" + z* = 0, 
two of its vertices move on fixed straiakt lines, Ix + my + nz = 0, 
I'x + m 7 + n'z = ; to prove that the locus of the third vertex 
will he given hy. the equation 

1, m, n * 
(U' + mm' + nn7(x» + y' + z')+ T, m', n' =0. 

X, y, 2 

It may be shewn, hj reciprocating the theorem in the last 
article, that the locus will have double contact with the given 
conic along the pole of the intersection of the two given 
straight lines; hence its equation wiU be of the form 

1 



X(i' + y* + «») + 



I, 


«t, 


n 


r, 


m', 


n' 


«, 


y, 


z 



= 0. 



(1), 



and it remains to determine X. 

For this purpose let the straight line lx + my + nz=:0 cut 
the given conic, mP, P'. Let T be the pole of PF\ 

JsTow, suppose one side of the triangle to become the tan- 
gent at jP, then the other tangent through P will coincide 
with it, hence the Required locus passes through the point of 
intersection of I'x + m'y + n'z = 0, with the tangent at P, and 
also with the tangent at P'. 

Now, the co-ordinates of T are Z, w, n, hfence these two 
tangents are represented by the equation 

(P + m' + 7i')(aj'+3(' + i5'*)-(Zaj + wy + n2)'=0.. (2), 

Hence (1) must be satisfied by the values of aj, y, «, which 
satisfy (2), and also make ' 

Taj + wyH-w'^ s=0, 
'7, w, n 
Now r, m\ ri 
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P +m* +w', ir -i- mm -{• nn\ Ix +tny +nz 
W + mm! + nn\ V^ + m'* + n *, Vx + 1» y + riz 
Ix+my +nzy Vn-\-m*y +n'zy a? +^ +j5* 

which if I'a + w y + nz = 0, becomes 

Z" + m* + n\ W + wm' + nn\ Ix + my + nz 
ir + mm[ + nn'y ^ +w'" +w'", , 
&? + t»y -{-nz, 0, V + y* +«■ 

- (ZZ' + mm' + nw,')" («* +3^ + «') 
- (Z'* + m** + n**) {Ix + my + w^r)' 

= - (ZZ' + mm' + nny (aj« +y + «*), if (2) be satisfied. 

Hence, hj (I) . X — {W + mm + nn'y = 0, identically, 
therefore, the equation of the required locus becomes 

Ij m^ n 

{IV + mm' + nnj {a?-\-y^ + z')-{' 



I'y m , n[ 



= 0. 



TKILINEAK CO-ORDINATES OP THE FOCI OP A CONIC. 

20. The following investigation of the trilinear co-ordi- 
nates of the foci does not introduce the conception of the 
imaginary circular points at infinity, or of imaginary tan- 
gents. 

The trilinear co-ordinates of the focus of the conic 

wa' + Viff' + tt?7* + 2M'iS7 + 2i;'7a + 2wafi « 0, 

may be investigated in the following manner. Draw two 
tangents to the conic parallel to a= 0, and let j/J,J^ be their 
respective distances from that line. Then, if ^ ^^ A be the 
co-ordinates of a focus, we have 

{f—fj (^— /) ^the square on the semi-axis minor. 
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If the equation of either tangent be 

a'(J)9 + 07) = (2A-aa')a, 

which represents a line parallel to, and at a distance a' from 
a = 0, the two values of a' obtained by introducing the con- 
dition of tangencjy will be X, ^. iNow, the condition of 
tangencj is 



0, a'a-2A, &a', ca' 



w, 



u 
w 



• 0. 



ca', v\ u\ 

or Z7(c«a'-2A)«+F(5ar + Tr(car 

+ 2f7"fta\ca' + 27W(aa'-2A) + 2Tr'(aa'-2A)fta'=0, 
which may be written 

{W-^ FJ« + Fy» + 2Cr'ftc + 2F'ca + 2F'aJ)a" 

-4A(Z7a+irft+Fc)a' + 4A«Cr=0. 

Hence, the left-hand member of this equation is tdenti- 
caUy equal to 

(Ua^+ Vb^+ W(f'^2rbc + 2r'ca + 2W'db) (a'-/j (a -/J, 

and therefore the square on the semi-axis minor 

^... {Ua+Wh+rc)f^AU 
7 '^^Ua'-]-Vb'+Wc* + 2U'bc + 2V'ca + 2W'ab' 

Two similar expressions being obtwned, we get for the 
determination of the foci, the equations 

{Ua'+W+W(? + 2U'bc+2V'ca + 2W'ah)f 

- 4A (?7a + TTft + V'c)f+ 4A*U 

= (Z7a*+Fi»+Fc* + 2Z7'Jc + 2F'ca+2lF'ai)/ 

-4A(F5 + i7c + TFa)^ + 4A'F 

= (Db'+ Fi*+ TFc» + 2D''Jc+ 2F'ca + 2lF'aJ) A« 

-4A (Wc + Va-t TTh) A + 4A*TF, 

the same as those obtained in Chap. vi. Art 33. 
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MISCELLANEOUS EXAMPLES. 



1. Prove that the centre of the conic 



— + j^+— =0 
aa op cy 



coincides with the centre of gravity of the triangle of reference. 



2. Prove that 



0, 1, 1, 1 
1,0,;.-, 2^ 

1, z% 0, aj» 
l,S^,a5',0 



= {x+y-k-z) {x-y-z) (y-z-x) (z-x-y). 



3. Prove that the square on the radius of the circle, de- 
scribed about the triangle of which the angular points are a, 6, c, 
is 

0, ab% ac' 
__ 1 ba% 0, 6c" 
" 2 ca% ch\ 



0, 1, 1, 1 

1, 0, a6", ac" 
1, ha\ 0, 6c' 
1, ca\ ch\ 

Investigate a similar expression for the square on the radius of 
the sphere, described about the tetrahedron of which the angular 
points are a, 6, c, d. 

4. Si&9i focus of a conic, PQ a chord subtending a constant 
angle at S", SB, ST are drawn meeting the tangents at P and Q in 
jB, T respectively, so that the angles PSB, QST are constant; 
prove that RT always touches a conic having S for a focus, and a 
directrix in common with the given conic. 

F. 12 
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5. Prove ihat, if the conic {la)^ + (w)8)* + (ny)* = be a para- 
bola, its focus and directrix are given by the equations 

la _ mfi _ ny 
la mB ny ^ 



tan A tan B tan (J 

Hence prove that, if a parabola touch three straigttt lines, its 
directiix always passes through a fixed point. State, in geometri- 
cal language, the position of this point relatively to the three 
straight lines. 

6. A system of parabolas is described so that a given triangle 
is self-conjugate with respect to each curve of the system ; prove 
that the locus of the focus is a circle, that the directrix always 
passes through the centre of the circle described about the tri- 
angle, and that every parabola of the system touches the three 
straight lines which bisect each pair of sides of the triangle. 

7. If P be any point on the circumference of a circle, any 
fixed points prove that the locus of the point, in which the tangent 
at F intersects the line which bisects OF at right angles, is a 
straight line. 

8. A rectangular hyperbola circumscribes a triangle; shew 
that the loci of the poles of its sides are three straight lines form- 
ing another triangle, whose angular points lie on the sides of the 
first, where they are met by perpendiculars from the opposite an- 
gular points. 

9. If ABC, A'BCf be two triangles, each of which is self- 
conjugate with regard to the same given conic, shew that another 
conic can be described about both. 

10. If a, ^, y, 8 be the distances of a point from four given 
straight lines, so connected that ^-l-«i)8 + ny+^S = 0, prove that, 
if a conic be described, touching these four straight lines, the locus 
of either of its foci will be the curve of the third degree repre- 
sented by the equation 

I Tn, vh p f. 
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1 1. Prove that the polar reciprocal of a rectangular hyperbola 
with respect to any point aS^, is a conic, the sum of the squares on 
the semi-axes of which is equal to the square on the distance of its 
centre from S. 

12. Two given conies are so related that each of their common 
tangents subtends a right angle at a given point. Prove that, if 
any two points be taken, one on each conic, so that the line join- 
ing them also subtends a right angle at that point, the envelope of 
this line will be a conic, of which that point is a focus. 

13. In Example 2, p. 116, prove that if any conic (A) be 
drawn touching the directrices of the four conies, the polar of 
the given point with respect to it will be a tangent to a conic, 
having the given point as focus and touching the sides of the tri- 
angle; and that the tangents from the given point to A are at 
right angles to each other. 

14. If, through a fixed point 0, a straight line be drawn cut- 
ting the sides AB, AC of a triangle ABC in /*, Q respectively, and 
£Q, CP be joined, prove that the locus of their point of intersec- 
tion is a conic circumscribing the triangle ABG, 

15. If Pa, pb, pc be the semi-diameters of a conic, respectively 
parallel to the sides of the triangle of reference, prove that the 
area of the conic is 

smul sm^smC^ \ p„ /\ p^ /\ Pc / 

- ^^ sin -4 sin 5 sin (7 
where 25 = + + • 

Pa Pb Pe 

16. PQ is the chord of a conic, having its pole on the chord 
AB or AB produced ; Qq is drawn parallel to AB meeting the 
conic in q ; shew that Pq bisects the chord AB. 

17. Similar circular arcs are described on the sides of a tri- 
angle ABCy their convexities being towards the interior of the tri- 
angle ; shew that the locus of the radical centre of the three circles 
is the rectangular hyperbola 

si n(^--C) sin(C-^) sin(^~^) _^ 
■"a fi y " ' 
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18. Prove that^ if r be either semi-axis of the curve repre- 
sented by the equation 

I4a* + vj3* + «7"+ 2u'^7 + 2vya+ 2w?'a^= 0, 

the values of r will be the roots of the equation 



\ u+j-{au'—W-cw) W-cb8 cos A \v-\- — {bv-cw—au) yr^—bsco&B 
. '~ 0, 







«, «?', to 






ahc 


w\ V, u 




where s — 




v\ u\ w 








Uy fVy Vy a 
tVy Vy Uy h 

V\ Uy Wy C 






a, by Cy 






19. If a triangle is self-conjugate with respect to each of a 
series of parabolas, the lines joining the middle points of its sides 
will be tangents: all the directrices will pass through 0, the 
centre of the circumscribing circle: and the focal chords, which 
are the polars of 0, will envelope an ellipse inscribed in the given 
triangle which has the nine point cii*cle for its auxiliary circle. 

20. A conic circumscribes a triangle ABCy the tangents at 
the angular points meeting the opposite sides on the straight line 
BUF. The lines joining any point F on DFF to Ay B and G 
meet the conic again in A'y B'y G'l shew that the triangle ABC 
envelopes a fixed conic inscribed in ABCy and having double 
contact with the given conic at the points where they are met by 
DEF, Also the tangents at -4', B, C to the original conic meet 
B'Cy CA\ A'B^ in points lying on DBF, 

21. The anharmonic ratio of the pencil formed by joining 
a point on one of two conies to their four points of intersection is 
equal to the anharmonic range formed on a tangent to the other 
by their four common tangents. 
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22. The four common tangents to two oonics intersect two 
and two on the sides of their common oonj agate triad. 

23. The locos of the centres of conies inscribed in a triangle 
and such that the centres of the escribed circles form a self-con- 
jugate triad with respect to them is a straight line parallel to 
aa + 6^ + cy = in are^ co-ordinates. 

24. A triangle ABC, right-angled at ji, is inscribed in a 
rectaogiilar hyperbola; tangents at B and C meet in F: prove 
that AB, APy ^(7 and the tangent at A form a harmonic pencil. 

2o. AB, CD are two fixed chords of a conic. A straight 
line AFQ meets CD in P and the curve in Q, and on CQ a point 
M is taken so that PR subtends a constant angle at B : the locos 
of R will ba a conic passing through B and 6\ 

26. Conies circomscribing a triangle have a common tangent 
at the vertex; throogh this point a straight line is drawn: shew 
that the tangents at the varioos points where it cots the corves 
all intersect on the base. 

27. One conic touches OA, OB in A and B, and a second 
conic touches OB, OC in B and C: prove that the other common 
tangents to the two conies intersect on AC, 

2^. With any one of four given points as centre, a conic is 
described, self-conjugate with regard to the other three; prove 
that its asymptotes are parallel to the axes of the two parabolas 
which pass tln-ough the four given points. 

29. A rectangular hyperbola passes through the angular 
points, and a parabola touches the sides, of ii given triangle; 
shew that the tangents drawn to the parabola, from one of the 
points where the hyperbola cuts the directrix of the parabola, are 
parallel to the asymptotes of the hyperbola. Which of the two 
points on the directrix is to be taken] When they coincide, shew 
that either curve is the polar reciprocal of the other with respect • 
to the coincident points. 

30. The triangular coordinates of the two circular points at 
infinity are given by the equations 

_^__Jl_ g 
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31. If each of two conies be reciprocated with respect to 
the other, prove that the foar points of intersection of any two of 
the conies thus obtained, and the four points of intersection of the 
other two, lie on a conic. 

32. With any one of four given points as centre, a conic 
is described, self-conjugate with regard to the other three; prove 
that its asymptotes are parallel to the axes of the two parabolas 
which pass through the four given points. 

33. With each of four given straight lines as directrix, two 
conies are described, self-conjugate with regard to the other three; 
prove that the four pairs of conies thus obtained, will have the 
same pair of points as foci corresponding to the given directrix. 

34. If a triangle be self-conjugate to a rectangular hyperbola, 
and any conic be described, touching the sides of the triangle, each 
focus of this conic will li^ on the polar of the other with respect 
to the rectangular hyperbola. 
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